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Abstract. We calculate the probability of DNA loop formation mediatby regulatory
proteins such as Lac repressor (Lacl), using a mathematiodkl of DNA elasticity. Our
model is adapted to calculating quantities directly obasble in Tethered Particle Motion
(TPM) experiments, and it accounts for all the entropicésrpresent in such experiments. Our
model haso free parameterst characterizes DNA elasticity using information obtghin
other kinds of experiments. It assumes a harmonic elastéiggriunction (or wormlike chain
type elasticity), but our Monte Carlo calculation schem#édgible enough to accommodate
arbitrary elastic energy functions. We show how to computth lihe “loopingJ factor”
(or equivalently, the looping free energy) for various DNAnstruct geometries and Lacl
concentrations, as well as the detailed probability dgrfsitction of bead excursions. We
also show how to extract the same quantities from recentrgrpatal data on tethered particle
motion, and then compare to our model’s predictions. Inipaer, we present a new method
to correct observed data for finite camera shutter time amer @xperimental effects.
Although the currently available experimental data giveyéauncertainties, our first-
principles predictions for the looping free energy change eonfirmed to within about
1 kT, for loops of length around00 basepairs. More significantly, our model successfully

reproduces the detailed distributions of bead excursiiyuding their surprising three-peak
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structure, without any fit parameters and without invoking alternative conformation of the
Lacl tetramer. Indeed, the model qualitatively reprodubesobserved dependence of these
distributions on tether length (e.g., phasing) and on Lantentration (titration). However, for
short DNA loops (around5 basepairs) the experiments show more looping than is peetic
by the harmonic-elasticity model, echoing other recenteexpental results. Because the
experiments we study are doimevitro, this anomalously high looping cannot be rationalized
as resulting from the presence of DNA-bending proteins beotellular machinery. We also
show that it is unlikely to be the result of a hypothetical éop) conformation of the Lacl

tetramer.

PACS numbers: 87.14.gk,87.80.Nj, 82.37.Rs, 82.35.P@3By
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1. Introduction and summary

1.1. Background

Living cells must orchestrate a multitude of biochemicalqasses. Bacteria, for example,
must rigorously suppress any unnecessary activities tarmz their growth rate, while
maintaining the potential to carry out those activitiesidda@onditions change. For example,
in a glucose-rich mediunte. coli turn off the deployment of the machinery needed to
metabolize lactose; when starved of glucose, but supplighl hactose, they switch this
machinery on. This switch mechanism—tHac'‘operon"—was historically the first genetic
regulatory system to be discovered. Physically, the mdshaimvolves the binding of a
regulatory protein, called Lacl, to a specific sequence oAljtkie “operator”) situated near

the beginning of the set of genes coding for the lactose roésa enzymes. Some recent
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reviews of thelac system include Refs. [1-4]; see also Ref.[5] for loopinghe lambda
system.

Long after the discovery of genetic switching, it was foulnattsome regulatory proteins,
including Lacl, exist in multimeric forms with two bindingelads for DNA, and that their
normal operation involves binding both sites to distantrafmes, forming a loop [6-11].
The looping mechanism seems to confer advantages in terrimction [12]. From the
biophysical perspective, it is remarkable that in somesax® formation, and its associated
gene repression, procergvivo even when the distance between operators is much less than a
persistence length of DNA [13]. For this and other reasonsjaber of experimental methods
have been brought to bear on reproducing DNA loopmgitro, to minimize the effects
of unknown factors and focus on the one process of interestomstituting DNA looping
behavior in this way is an important step in clarifying theamanism of gene regulation.

Tethered particle motion (TPM) is an attractive techniqueetlis purpose [14]. In this
method, a long DNA construct is prepared with two (or moregrapor sequences at a desired
spacing near the middle. One end is anchored to a wall, anattier to an otherwise
free, optically visible bead. The bead motion is passivebnitored, typically by tracking
microscopy, and used as an indirect reporter of conformatichanges in the DNA, including

loop formation and breakdown (Fig. 1).

1.2. Goals of this paper

The recent surge of interest in DNA looping motivated us ta &an we understand TPM
data quantitatively, starting from simple models of DNAstlaity? What is the simplest
model that captures the main trends? How well can we prediet flom TPM experiments,
usingno fitting parameters?

To answer such questions, we had to combine and improve a eruofbexisting

calculation tools. This paper explains how to obtain a sarglastic-rod model for DNA,
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Figure 1. (a) Cartoon of a DNA molecule flexibly linking a bead to a surfada
freely pivoting attachments (not to scale). The motion efliead’s center is observed
and tracked, for example as described in Ref.[15]. In eadbovframe, the position
vector, usually projected to they plane, is found. After drift subtraction, the mean
of this position vector defines the anchoring point. Thegutgd distance from this
anchoring point to the instantaneous bead center is theebeansionp. A regulatory
protein, for example a Lacl tetramer, is shown bound to aiBpdoperator” site
on the DNA. p) The conformational change of interest to us is loop foromatiA
loop forms when the repressor also binds to a second operatoe figure shows
an actual representative looped configuration from the Isitioms described in this
paper, drawn to scale. Figs. 2 and 6 explain the graphicatseptations of DNA and

Lacl used here.

and a geometric characterization of the repressor—-DNA ¢amfrom existing (non-TPM)
experiments. From this starting point, with no additiontirfg parameters, we show how to
calculate experimentally observable quantities of TPMeeixpents (such as the fraction of
time spent in various looped states and the distributioneaidbexcursions), as functions of
experimentally controlled parameters (operator separatnd repressor concentration), and
compare to recent experiments.

Although our main interest is TPM experiments, our methodmsre generally
applicable. Thus as a secondary project, we also compufenige factors for a DNA
construct with no bead or wall (“pure looping”). This sitipatis closer to the one that prevails

in vivo; although in that case many other uncertainties enter,névwertheless interesting to
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compare our results to the experimental data.

1.3. Assumptions, methods, and results of this paper

Supplementary Information Sect. S1 gives a summary of thetioo used in this paper. Some
readers may wish to skip to Sect. 1.3.3, where we summarizeesults. Sect. 1.3.4 gives
an outline of the main text and the supplement; in additibe, dther subsections of this

introduction give forward references showing where carkay material can be found.

1.3.1. Outline of assumptiong&irst we summarize key assumptions and simplifications
made in our analysis. Some will be justified in the main textereas others are taken in
the spirit of seeking the model that is “as simple as possithlenot more so.”

All our results are obtained using equilibrium statisticaéchanics; we make no
attempt to obtain rate constants, although these are expetally available from TPM
data [14,16-18]. Our model treats DNA as a homogeneousahedilastic body, described
by a3 x 3 elastic compliance matrix (discussed in Sect.3). Thus wgeag for now,
the effect of DNA sequence information [19], so our resultaynbbe compared only to
experiments done with random-sequence DNA constructspifeethis reduction, our model
is more realistic than ones that have previously been usetHM theory; for example, we
include the substantial bend anisotropy, and twist—benglatg, of DNA elasticity. We also
neglect long-range electrostatic interactions (as is@ppate at the high salt conditions in
the experiments we study), assuming that electrostagcisfitan be summarized in effective
values of the elastic compliances.

The presence of a large reporter bead at one end of the DNAraotysand a wall at the
other end, significantly perturb looping in TPM experimeni¢e treat the bead as a sphere,
the wall as a plane, and the steric exclusion between themhasdawall interaction. We

neglect nonspecific DNA—protein interactions (“wrappitfig0]).
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1.3.2. Outline of methodsOur method builds on prior work [15, 21]. Sect. 7 discussbsiot
theoretical approaches in the literature.

Our calculations must include the effects of chain entropyomp formation, because
we consider loop lengths as large as 510 basepairs. We nsosa@tount for entropic-force
effects created by the large bead at one end of the DNA and #fleatvthe other end, in
addition to the specific orientation constraints imposedhetwo operators by the repressor
protein complex. To our knowledge such a complete, firstgyples approach to calculating
DNA looping for tethered particle motion has not previouséen attempted. In part because
of these complications, we chose to calculate using a Moat®@nethod called “Gaussian
sampling” (discussed in Sect. 4 and Sects. S6-S7). Gausampling is distinguished from
Markov-chain methods (e.g., Metropolis Monte Carlo) intthiaccessive sampled chains are
independent of their predecessors.

We must also address a number of points before we can compareesults to
experiments. For example, DNA simulations report a guacatled the “looping/ factor.”
But TPM experiments instead report the time spent in loomgdus unlooped states, which
depends on botli and a binding constarit,. We present a method to extract botland K,
separately from TPM data (discussed in Sect. S5). We alswideswo new data-analysis
tools: (1) A correction to our theoretical results on bead excursieeded to account for the
effect of finite camera shutter time on the experimentalltegdiscussed in Sect. S2), and
(2) another correction needed to make contact with a widely gta&dstic, the finite-sample
RMS bead excursion (discussed in Sect. S3). (To be prebiségtter two corrections do both
involve phenomenological parameters, but we obtain these TPM data that are different
from the ones we are seeking to explain. Each correctiondcouany case be avoided by

taking the experimental data differently, as describeth&Supplementary Information.)

1.3.3. Outline of resultsSome of our results were first outlined in Refs.[22, 23]. The

assumptions sketched above amount to a highly reductiappsbach to looping. Moreover,
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we have given ourselves no freedom to tweak the model withstalple parameters, other
than the few obtained from non-TPM experiments (four etastinstants and the geometry
of the repressor tetramer); all other parameters we usedkmadn values (e.g., bead size
and details of the DNA construct). So it is not surprising @me of our results are only in

gualitative agreement with experiment. Nevertheless, meethat:

e Our physical model quantitatively predicts basic aspettthe TPM experiments, such as the
effects of varying tether length and bead size (see Fig. 3).

e The model can roughly explain the overall value of the logpinfactor obtained in experiments
for a range of loop lengths near 300 basepairs (discusseecins.

e Perhaps most surprising, the same simple model predibesrnatll the observed, detailed structure
of thedistribution of bead excursions, including its dependence on loop lsngtlhr 300 basepairs
(see Fig. 12). The distinctive three-peaks structure afdistribution [24—26] has sometimes been
taken asprima facieevidence for a hypothetical alternate “open” conformatidrihe repressor
protein. But we show that it can also arise without that hlgpsis, as a consequence of the
contributions of loops with different topologies.

e Notwithstanding those successes, our simple model moEesiccessfully extrapolate to predict the
magnitude of theJ factor for loop lengths near 100 basepairs, at least acuprdi the limited,
preliminary experimental data now available. Insteadrelieunderestimateg, pointing to a
breakdown of some of its hypotheses in this high-strairasitn. Perhaps the needed modification
is a nonlinear elastic theory of DNA [27, 28], significant flakty in the tetramer, additional
nonspecific binding of DNA to the repressor protein, or sommlgination of these.

e However, our model does give a reasonable account of thetwteuof the bead excursion
distribution even for loop lengths near 100 (see Fig. 13).

e Because previous authors have proposed the specific hgmttieat one of the excursion-
distribution peaks reflects an “open” conformation of Lagk simulated that situation as well.
We argue that this hypothesis cannot by itself explain thgh ldegree of looping observed

experimentally for short DNA constructs (discussed in Sgdt3).
Our calculations also quantify the importance of the oagoh constraint for binding to the

tetramer, via a concept we call the “differentialfactor” (discussed in Sect.5.2). Finally,
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our simple model of blur correction quantitatively predithe observed dependence of
apparent bead motion on camera shutter time, and we expeititbe useful for future TPM

experiments (discussed in Sect. S2.2).

1.3.4. Organization of this papeiSect.2 gives an overview of various single-molecule
experiments used recently to study looping, emphasiziag#rticular capabilities of TPM.
Sect. 3 derives the elastic model of DNA to be used in this pafect. 4 introduces our
Monte Carlo method, and gives a crucial check that theoryexpperiment are both working
properly, by showing to what extent we can accurately pteatie excursion of the tethered
bead in the absence of looping. Sect. 5 shows how to extersirtheation to study looping,
defines the looping factor, and gives results ohas a function of loop length, both with and
without the effect of the tethered bead and surface, anddtr the closed (V-shaped) and
hypothesized open conformation of the lac repressor tetra®ect. 6 gives a more refined
measure of bead motion, the probability distribution oftlead excursions. Sect. 7 discusses
the relation between our work and earlier theoretical pgpaerd finally Sect. 8 gives general
discussion.

The Supplementary Information has its own table of contehtsontains information
more directly related to the experimental data, detailswfMonte Carlo algorithm, and
some additional calculations in our model. For example, mexked our work by calculating

cyclizationJ factors and comparing to the classic Shimada—Yamakawé.resu

2. Survey of experimentson looping

Experimental measurements of DNA loop formation have fiail@o four main classes.

Readers familiar with the experiments may wish to skip diygo Sect. 3.

Cyclization In thesein vitro experiments, many identical, linear DNA constructs are

prepared with overhanging, complementary ends. Ligasgne@zaptures transient states
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in which either two ends of the same DNA join, forming a ringgetse ends of two different
DNAs join, forming a dimer. Under suitable conditions théioaof rings to dimers after
the reaction runs to completion gives information aboutatyeilibrium populations of those
paired states, and hence about loop formation (e.g., [39-3dfortunately, the interpretation
of these experiments is complicated by the role of the largeplex ligase enzyme, the need
to be in a very specific kinetic regime, and so on [35]. More&ptlee process of interest to

gene regulation is looping, which is geometrically quitigestent from cyclization.

In vivo repression Other experiments measured the output of an operon as itsotiogy
promoter was switched by a repressor (e.g., [13,36-3%urihthen connects those results to
looping J factor values (or looping free energy changes) [40—43]hdugh the experiments
showed that short loops form surprisingly easily, theirrgiative interpretation is obscured
by uncertainties due to the complex world inside a livind,del example, supercoiling and

the many other DNA-binding proteins (such as HU, H-NS and)lptiesent in cells.

Magnetic tweezer To introduce supercoiling in aim vitro preparation, some experiments
manipulate the DNA using a magnetic bead in a trap. Someeeartiplementations
unavoidably also introduced extensional stress on the DNW; [however, recent work has

overcome this limitation [25].

Tethered particle In the present work we study TPM experiments [45], which cgport
directly on looping state under controlled, vitro conditions. Recent work on looping via
TPM includes Refs. [16-18, 26, 46—-48]. TPM experiments dupire significant analysis to
determine looping state from bead motion, but techniquebk as dead-time correction [16]
and Hidden Markov modeling [17, 18] now exist to handle tHigke cyclization, the TPM
experiments we studied have the biologically unrealistict {heoretically convenient) feature

that the supercoiling stress applied externally to the isgero. (For a theoretical approach
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to looping with supercoiling see e.g., Ref. [49].)

Additional advantages of TPM include the fact that it does ingolve fluorescence,
and so is not subject to bleaching; thus an experiment caergenan unlimited data
sample simply by tracking a bead for a long time. Moreoveg, EINA is in solution, and
minimally affected by the distant bead. Some implementatad TPM do not track individual
trajectories, instead observing the blurred average inshgeach bead [14, 24]; this article
will focus on particle-tracking implementations (see, eRefs. [15,50]). Other experimental
aspects, including the attachment of the DNA of intereshormobile bead at one end and
the immobile surface at the other, are discussed in thenaligirticles cited above.

TPM experiments also offer the ability to separate the divprabability of looping, at
least partially, into the contributions of individual lodypes (see Sect. 6). This additional
degree of resolution allows more detailed comparison witfeement than is possible when
we observe only the level of gene repression. Finally, TPM atherin vitro methods
also present the opportunity to dissect the experimentdigerved looping probability into
separate numerical values for the loopindactor and the binding constant, via a titration
curve (discussed in Sect. S5). In contrast, samavo methods must obtain a value for the
binding constant from a single data point (repression witkilery operator deleted), and
moreover must rely on the accuracy of an estimate for thet@ferepressor concentration in

the cell [42].

3. Elasticity theory used in this paper

This section derives the elastic model of DNA to be used ig plaiper. Sect. 3.2 first obtains
the elasticity matrix up to an overall constant from struatinformation; then Sect. 3.3 fixes
the constant by requiring a particular value for the pegsis¢ length. Our simulation method
involves matrix exponentiation, and may be simpler thareothethods sometimes used in

the literature.
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3.1. General framework

The physical model of DNA as a uniform, isotropic, slenderearly-elastic rod [51] has
proven to give an adequate description of DNA mechanics danespurposes, notably for
computing the force—extension relation of long DNA [52,.58lowever, this simple model
is not obviously appropriate for describing the formatidrstouctures involving DNA loops
of length comparable to a helical repegi.{, = 3.5nm). For example, in this paper we are
interested in loops as short as 9 times the helical repegtie®n length scales comparable
to /ie1ix, the bend stiffness anisotropy of the molecule certainbpbees significant, as well as
elastic cross-coupling between bend and twist [54, 55]1.SeZ below spells out the details
of the elasticity theory we will use. (Sect. S8.1 explores itmportance of including the
anisotropy by studying an alternative model.)

In other respects, our elastic model will be standard. Werasghat the unstressed state
of DNA may be regarded as a stack of plates (“segments”), egtththickness/, and each
with a chosen reference point and an inscribed coordinatedrat that point (Fig. 2). Each
plate is shifted a distancg along itsE;-axis relative to its predecessor, and also rotated
by 270,/ (fheix) @bout the same axis. Next we need to quantify the elastiggroast for a
deviation from this unstressed state.

We restrict attention to a harmonic elasticity model, tlsatwe assume that the elastic
energy at each junction is a quadratic function of bend armb®xtwist, neglecting the
possibility of elastic breakdown at high strain [27, 28,.32}e do this because ultimately we
are interested itestingthe harmonic model, by confronting its predictions with esiment,
and also because there is not yet a unique candidate for thikede three-dimensional form
of an effective nonlinear elastic function.

We neglect stretch elasticity of the segments because theame externally applied
stretching force in TPM experiments (and any entropic ctieg force is insignificant

in this context [21]). Thus the displacement of each segnmm@tiways/,; the “pose”
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Figure 2. Basepair geometry [54]. The rectangle represents a DNApbasd he red
and blue dots are the phosphate backbones. The circle isutbe envelope of the
double helix, Zum in diameter. We set up an orthonormal franteft{ where E; is
out of the pageﬁ)l points to the major groove, arfth completes the triad and points
towards theés’ — 3’ strand (red) as defined by the positiig direction. “Positive roll”

is then defined as a positive rotation abBdtas we pass from this basepair to the one
on top of it (=“bend into the major groove”). Similarly “tilis rotation about;, and
“twist” is excess rotation abouEs; (in addition to the natural helical twist). For our
purposes, a DNA chain conformation is a sequence of suchefai@raphically we
represent it in Figs.1 and 6 as a chain of double-helical seggnas shown on the

right.

orientation) of each segment relative toriesipcessor is completely specified

by the angular orientation. For simplicity, we also negléw sequence-dependence of

DNA elasticity, so our results will apply only to random-seemce DNA constructs; all our

comparisons to experiments will involve DNA of this type.daese we are making a finite-

element approximation to a continuum elasticity model, @eehsome freedom in choosing

the contour lengtl, of each segment, as long as it is much shorter than the persest

length, about 150 basepairs. To speed up calculations, we dteosen a segment length

corresponding to one fifth of a helical repeat (about 2 bas®paMaking our segments

commensurate with the helical repeat also has the advantai®wing clearly any helical
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phasing effects, i.e., modulation of looping with periodialto /y,.j;.

Let Ad; be the excess rotation angles (beyond the natural twist) e segment to the
next and let); = A#; /¢, denote the corresponding strain rates per unit contouthendere
1 =1,2,3 correspond to tilt, roll, and twist (see Fig. 2). We will defitihe elastic deformation

free energy per unit contour length as
& = (LksT)Q'QQ, 1)

so the stiffness matriQ has units of length and is independent of the choice of segmen
length¢,. (The compliance matrix is theQ'.) In the traditional wormlike chain mod€)
is diagonal, with the bend and twist persistence lengthdierdiagonal. We next propose a

more realistic choice for this matrix.

3.2. Relative elastic constants

To get values for the elements &, we first note that (neglecting sequence-dependence)
B-form DNA has a symmetry unddi80° rotation about any line perpendicular to its long
axis and passing through its major groove. (Such a line isléabE, in Fig.2.) This
symmetry forbids any harmonic-elasticity coupling betwéwist and tilt (that is, between
small rotations aboui; andE; in the figure), and also between tilt and roll [54]. Thus the
symmetric3 x 3 matrix Q has only four independent nonzero entries [54, 56].

Next, we adapt a strategy used by W. Olson and coworkers \dW,examined crystal
structures of many DNA oligomers and of DNA—protein compkex They then supposed
that each basepair is subjected to random external forags ¢eystal forces), the same for
every type of basepair junction, analogous to the randogefom thermal equilibrium but
of an unknown overall magnitude. The observed deformatidmmsepairs in this imagined
random external force tell us about the elastic compliafmedeformation of each basepair
type, and in particular the covariances of deformations the off-diagonal terms. Finally, we

adjust the overall scale of the resulting elastic-energirimto obtain the desired persistence
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length of DNA in the buffer conditions appropriate to the TRekperiments of interest.

The method outlined above, although rough, neverthelggsiess the basic structure of
DNA elasticity while preserving the required overall pstseince length. To carry it out, we
took the published covariance matrices for k¢ of various basepair steps [57] and averaged
them to obtain an elastic compliance matrix. We invertesl timatrix and observed that indeed
the (12), (13), (21), (31) entries ofQ were much smaller than the others; we subsequently
set them to be exactly zero. These steps yielded the entri@sup to an overall scale factor,

as

0.084 0 0

Q=vx1]0 0.046 0.016 | - (2)

0 0.016 0.047 |

The overall constani has units of length; it will be specified in Sect. 3.3.

The expected anisotropy is evident in the form of the mafrhe tilt eigenvalue (0.084)
is much larger than the smaller of the two remaining eigeres(0.030). Note that the near-
degeneracy of the last two diagonal elements means thaig&evectors are strongly mixed:
The smaller eigenvalue corresponds to a mixed deformatvih,positive roll and negative
twist. Thus, bending the DNA tends to untwist it [57]. Noteofthat the numerical values
of the diagonal entries are not a good guide to the relatiteaabend stiffnesses, because the

eigenvalues of the x 2 submatrix may be quite different from its diagonal entries.

3.3. Specification of overall scale factor

The persistence length of a polymer is defined by the falloff in correlation betweére t
long-axis directions of nearby elements when the polymé&eis (no external forces). Thus
(Es(s) - Eg(s + 1)) — e /¢ at larget, wheres, t are contour lengths [52]. We now discuss
how to compute for an elastic matrix of the form Eqn. (2), as a function of thrknown
parametery that sets the strength &; demanding a particular value ¢fwill then fix the

value of~. (A similar discussion recently appeared in [58].)
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To computeé given a choice ofy, we first generate a string of random rotation
matrices, each representing relative rotations of one eagmelative to its predecessor.
These matrices are drawn from a distribution that is cedtere the identity matrix and
weighted by the Boltzmann facter %/, More explicitly, we choose a value &, then
diagonalize the matriQ//,, writing it as T'DT for an orthogonal matrixd. We then use
the diagonal entries db as inverse variances for three Gaussian random varialgs and
let A6 = T'W, obtaining three random variablés); with the desired statistical properties.
We convert these random angles into a rotation matrix by ecaimg the matrix exponential
exp(X2_, A6;J;), whereJ; are the rotation generator matrices. (For examples [ggl §] )
Finally, we multiply the resulting rotation on the left byetinatural, unstressed DNA rotation
exp((2mfy/lheiix)d3), ObtainingR(1), then repeat all these steps to make a long string of
matricesR(1), R(2),---.

Next, we step through the matrix string, cumulatively appdyeach rotatiorR(k) in
turn to an initial orientation to obtain the orientationssatcessive basepairs from a standard
orientation for the first one. That is, let the frame vectoalength positions be E,(s).
We express it in components using the fixed lab framékasgs)]; = hi,(k), i = 1,2,3,
wheres = kly, h;,(0) = d,,, andh(k + 1) = h(k)R(k). Finally we average the quantity
(Es(s) - Bs(s + t)) over the generated chains, average aviar various fixed:, confirm the
exponential decay in and extract the decay length

In solvent conditions used for TPM by Han et al. [26,48], teesistence length has been
previously measured by other means to be aroidndn [59, 60]; see also Sect. 4.2, where we
show that this value is consistent with TPM calibration da&aplying the above procedure

to Eqgn. (2) and requiring = 44 nm fixes~: We then have

67nm 0 0
Q=10 37 nm 13.0nm | - (3)
0 13.0nm 37nm

Eqgn. (3) is the form suitable for angles? expressed in radians; for angles in degrees the
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matrix should be multiplied by /180)>.

4. Calculation of TPM distributions without looping

This section introduces our Monte Carlo method, and givesueia check that theory and
experiment are both working properly, by showing to whaeakive can accurately predict
the excursion of the tethered bead in the absence of loopfBgme details relevant to
experimental data (blur correction and finite-sample ¢fheare relegated to the Supplement.

We begin our analysis by predicting the motion of a tethegetigle in terms of the tether
length and bead size, both of which were systematicallyddn the experiments of Ref. [48].
Besides being a basic polymer science question, aygtiori knowledge of, say, the root-
mean-square bead excursion for simple tethers sets the fetagur calculations involving
looped tethers in Sect. 6. More generally, in other kindsxpeeiments the tether length may
be changing in time, in a way that we would like to measure, paessive enzyme walks
along DNA or RNA [61], or as proteins bind to the DNA, etc. Higaby comparing theory
to experiment, we gain confidence both that the experimembiking as desired and that our
underlying assumptions about the polymer mechanics, veatinteractions, and so on, are
adequate.

Although the end-end distribution of a semiflexible polyraach as DNA is a classical
problem in polymer physics, the present problem differgnfribat one in several respects.
For example, the DNA is not isolated, but instead is attadbealplanar surface, and hence
experiences an effective entropic stretching force duéh¢osteric exclusion from half of
space; a similar effective repulsion exists between the D@l the large bead. More
important than these effects, however, is the steric ebatusf the bead from the wall.
Ref. [21] argued that the effect of this exclusion would becteate an entropic stretching
force on the DNA.

Additional subtleties of the problem include the fact tHa¢ fpolymer itself has two
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additional length scales in addition to the bead radius ataits persistence lengthand total
length L, and the fact that we do not observe the polymer endpointaltier the center of the
attached bead. Some of these effects have been studiedieaiblyor the case with applied
stretching force (e.qg., [62]), but faero applied stretching force the steric constraints, not
fully treatable in that formalism, become important. Fastleason, Refs. [15, 21] developed
a Monte Carlo calculation methgdA similar method was independently used for a study of
DNA cyclization by Czapla et al. [65], who call it “Gaussiaanspling.” Here we generalize
that method to use the elasticity theory described in Setilealso extend our earlier work
by computing the dependence of the RMS bead excursion ortdtbir length and bead size,

and comparing to experimental data in which both were syatieaily varied.

4.1. Gaussian sampling

The Gaussian sampling approach is not a Markov-chain algorieach chain is generated
independently of all the others, in the Boltzmann distitutassociated with the elastic
energy function. What makes this approach feasible is tieeglastic energy functions of each
junction between links are all independent (because wevassat there is no cooperativity
between basepairs separated by more than our segment lghgifhus, the random bends
between links are also independent; we generate a chaindayirtg a string of rotation
matrices each generated as described in Sect. 3.3. To iraptetime steric constraints, we
next suppose additional energy terms of hard-wall typeitber zero or infinity). Although
it is an approximation to real mesoscopic force functiohg, hard-wall approximation is
reasonable in the high salt conditions studied in typicgdeexnents. Together with the
approximate representation of a real microscope slide asfaeqy plane (a “wall”), it has
proven successful in our earlier work [15].

The constraint energy terms set the probability of the cdlyi-forbidden chains to zero.
1 Refs.[63,64] studied related spatial-constraint effattan analytical formalism; the present paper gives a

numerical approach.
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In practice, then, we generate many chains, find each chgmes#’s spatial position (and
that of the bead) by following th&;-axis of each orientation triad, and discard the chain
if any steric constraint is violated. All our thermodynanaierages are then taken over the
remaining (“allowed”) chains. For short tethers, many obavill be discarded, but as long as
the fraction of “allowed” chains is not too small the procealis tractable.

We treat the biotin and digoxigenin linkages attaching th&Aldo bead and wall as freely
flexible pivots, and so the orientation of the first chain segtmand that of the bead relative
to the last segment, are taken to be uniformly distributethénhalf-spaces allowed by the
respective surfaces. This approach has previously beeessfal in explaining experimental
results [15,21,62,66]. That is, the initial chain segnmeatientation is a uniformly distributed
random rotation subject to the half-space constraint;emgsnt segments are then determined
by successive matrix multiplication by the rotations dimsited as in Sect. 3.3; the final vector
m describing the bead orientation relative to its attachnpeimt (black arrow in Fig. d) is
again taken to be uniformly distributed in the half-spackngel by the final chain segment.

The steric constraints we implemented werge chain—wall, (i) chain—bead, and
(i) bead—wall exclusion. For the short DNA tethers we consideain—chain excluded
volume is not expected to be a significant effect (althougloiild be important if supercoiling
stress were applied to the bead [56]).

We can see the trends in the data more clearly if we reduce itebdtion of
bead position to the root-mean-square excursign, = m, a quantity often used in
experiments to characterize tethered particle motion.o&ally related quantity is the finite-
sample RMS excursion, for examptg.s +s = /(p?)4s. Here the expectation value is
limited to a sample consisting @ft s)/(0.03s) consecutive video frames at a frame rate of
1/(0.03s). Note that whereas;,s is a single number for each bead-tether combination, in
contrastrys, 45 has a probability distribution. One of our goals in the remdar of this paper

is to predictpr,s (in this section), or the distribution ¢f;\s 45 (in Sect. 6), as functions of
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Figure 3. Theoretical prediction of equilibrium bead excursiddots: Experimental
values for RMS excursion of bead centggs,¢, for random-sequence DNA and
three different bead sizes: Top to bottoR,..q = 485, 245, and100nm. (Data
from Ref.[48].) The sampling times were= 20, 10, and5s respectively. For
these rather long times the finite-sample correction isigieig; nevertheless, we
included this correction (via a method given in Sect. S3)chEdot represent80—
200 different observed beads with the given tether length. Rattheir error bars
were computed by the method described in Fig. Sirves: Theoretically predicted
RMS motion, corrected for the blurring effect of finite stauttime. For each of the
three bead sizes studied, two curves are shown. From topttonyoeach pair of
curves assumes persistence length vafues47 and39 nm, respectively. There are
no fit parametersithe theoretical model uses values for bead diameter givehédy

manufacturer’s specification.

bead size, tether length, and tether looping state.

4.2. Calibration curve results

Sect. 4.1 explained how, given values bf Ry..q, and &, we generate many chain/bead

configurations. From these configurations, we can in prlacgmmpute quantities like
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prus- (An additional correction, to account for finite cameratstruspeed, is explained in
Sect. S2.2.) We computg.s in this way and compare it to the experiments of Han et
al. [48]. We tookL to be0.34nm times the number of basepairs in each construct, and
accepted the manufacturer’s specificationggf,, for beads of three different sizes, leaving
us with just one remaining parameter, the persistencehepgtlhe finite sampling times
used in the experiment had an insignificant effect (data hotva), but nevertheless we
included this aspect of the experiment (see Sect. S3) fais@mmcy with our later study of the
probability density function of bead excursion in Sect.i6tHat context, the finite sampling
time is important.

DNA stretching experiments using high-salt buffer simitarthat used in the TPM
experiments we study obtained a persistence lenggh-ofl5 nm [59], or 43 nm [60]. When
we turn to TPM, Fig. 3 shows that indeed takéig the range89—47 nm reproduces the trends
of the data fairly well withno fitting, even though this is a very different class of experiment
from stretching. (Previous work came to a similar conclogibs], although it considered
only a single bead size.) The curve with bead 2#&nm is particularly well predicted; all
TPM data appearing in the rest of this paper were taken wishvililue ofR},..q. Throughout

the rest of this paper we will use the valgie- 44 nm.

5. DNA looping

This section attempts to distill loop formation into a matiatical problem, the calculation
of a quantity called the “looping factor” (Sects. 5.1-5.2; some geometrical details about
the looping synapse are deferred to Sect. S4). Sect. S5 iBupplement explains how we
extractedJ from experimental data. Next, Sect.5.3 describes the leion of J (more
details are in Sects. S6-S7) and Sect. 5.4 compares to egueri For loops of length near
300bp, our absolute prediction foy agrees with the preliminary experimental data now

available to within about a factor of 3; equivalently theresponding looping free energies
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agree to within about £ 7. However, the hypotheses embodied in our model cannotiexpla
the observed/ factor for short loops, near 3p between operators. We will argue that
the hypothesis of an alternate “open” Lacl conformation a¢ sufficient to resolve this

discrepancy.

5.1. Geometric structure of the loop complex

5.1.1. DNA construct The experiments of Han et al. [26] studied DNA looping fordam-
sequence DNA in two classes, forming “long” and “short” Iso§They also studied special
sequences [67], which we do not discuss in the present pdgath “long” and “short” loop

DNA constructs had the general form
wal | - (N1bp) - ( N2bp) - (N3bp) - ( Nabp) - (N5 bp) - bead . (4)

The “short” constructs had/; = 20 bp (theO;,4 operator),N, = 21 bp (theO, operator), and
N; = 144 bp, N3 = 89 + I bp, N5 = 171 bp, wherel is an integer equal to 0, 5, or 11. The
“long” constructs hadV, = 21 bp (O1), Ny = 20 bp (Oy4), andN; = 427 bp, N3 = 300+ 1 bp,
N5 = 132 — I bp, wherel is an integer between 0 and §@or the purpose of labeling loop
topologies, we choose a conventional direction along thé& Eidt runs fromO;, to O;. Thus
for the “short” constructs this direction runs from the walthe bead, whereas for the “long”
constructs it runs from bead to wall.

The artificial sequenc®;, (“ideal operator”) binds DNA more strongly than the wild
type O,. In fact, in the range offLacl] values we study);, is essentially always bound [26],

and the looping transition consists of binding/unbindifthe already-bound Lacl t0); .

¢ Some of the actual constructs used in the experiment diffieoen the simple formula above by 1-2 basepairs

[26].
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Figure 4. Cartoon of the Lacl tetramer (solid shapes) bound to two apeDNA
segments (shown as wireframes). The tetramer consistsrargiD1 and D2, with
binding heads H1-H4. The wireframes show in detail the digjpms of the operators
relative to each other, as given in Protein Data Bank ebtigG. pdb. In the present
work we summarize the entire structure by the six orthonbfraenes shown, which
represent thentry/exitandcenterframes discussed in the main text and Sect. S4. The
axes with blue, green, and black arrowheads repreSenk,, andE; respectively.
These six frames were determined from the PDB file by the ndetlescribed in

Sect. S4.

5.1.2. DNA binding and its degeneracyhe Lacl protein is a tetramer consisting of two
identical dimers (D1, D2), each with two heads (H1-H4) thatlihe DNA]| Fig. 4 shows
a cartoon, drawn to scale, based on the RCSB Protein Data &ank 1LBG. pdb [70]

(see also [71-73]). Two segments of bound DNA (operatorypé ©;4) appear as well.
| Lac repressor essentially always exists as tetramers uhderonditions of the experiments studied here

[68, 69].
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The cartoon is meant to portray the level of detail with whieh treat the tetramer in our
calculations: We regard the protein as a clamp holding tleeltsund operators rigid relative
to each other. Thus, as soon as we specify the pose (positborgentation) of the DNA
bound to head H1 (say), we have also specified its exit fromdH&2edl as its entry and exit at
H3 and H4. Fig. 4 shows six particular poses, representedtbgrmormal triads, associated to
theentryexitandcenterbasepairs. These are described in greater detail belom&ett. S4.
The axes are color-coded:; the blue, green, and black armmespond to the axis vectds,
E,, andE; in Fig. 2.

Actually, each binding site hasvo energetically equivalent binding orientations, due to
a two-fold symmetry of the Lacl dimer [4], so Fig.4 shows oolye of four possibilities.
(The DNA sequence of the operator need not be a palindromave this degeneracy.) The
symmetry operation on the DNA that relates these oriemtati® the same one described in
Sect. 3.2:180° rotation about the frame vectd; passing through the operator center and
pointing to the major groove.

Referring to Eqgn. (4), we will speak of the DNA as “starting’ the wall or bead,
“entering” a binding site at one end 6f,,, “exiting” that binding site to the interoperator
segment, and (if looped) “then entering” the other sit®@aand “finally exiting” to “arrive” at
the bead or wall. Sect. S4 describes our mathematical dieaizstion of the geometry of Lacl
for the purposes of our simulation. Here we only note thaabee of an approximate twofold
symmetry in the tetramer, it is immaterial which dimer bind<;,. However, we do need
to distinguish the two binding orientations at each siteaose they have inequivalent effects
on the rest of the DNA. We will distinguish them @ty by the labels = 1,2. Similarly,
we introduce a labelk = 1,2 denoting the binding orientation &,. Fig.5 defines our
conventions for these labels, which amount to specifying fopologically distinct classes of

loopsy
9 Each of these classes in turn can be further subdivided istimct topoisomers. For example, we can take

any of the loops shown in Fig.5, detach the DNA from one bigdiead, twirl it about its axis by one full
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anti-parallel loop parallel loop anti-parallel loop parallel loop
A1 P1 A2 P2
—1 R B =2 )

Figure 5. Four possible orientations of simulated looped chaiastied lines Our
convention is that the arrows run frofy to O;. Two binary variables describe the
binding orientation at the two operators as shown. If tharckaits O;q4 at an inner
headgroup (H2 or H3 in Fig.4), we sa@y = 1. If the chain enter®; at an inner
headgroup, we say = 1. There are two “parallel” loop configurations (P1, P2), for
which the entry and exit trajectories of the chain have yezatallelE; axes; likewise,
there are two “antiparallel” loop configurations (A1, A2)y fwhich the entry and exit
trajectories of the chain are nearly opposite. Configunatidl, A2 look equivalent
under the symmetry that reverses DNA direction and exclsatigetwo Lacl dimers.
However, this apparent degeneracy is broken when we addethe: th one end, and

the wall to the other.

Fig.5 also identifies each looping topology using names istertd with previous
Lacl looping studies [74, 75]. These topologies are grouipéal two general categories
characterized by the relative orientation of the two boupdrator sequences: parallel (P1,
P2) or anti-parallel (A1, A2).

The dashed lines in Fig. 5 represent the DNA loops and aredaakieisual aids; they are

not results of our calculations.

revolution, then reattach it, resulting in a topologicallgtinct loop with the same values afand. Because
in experiments the topoisomer class of a loop can neithebberged nor controlled, however, we will not make

any use of this subdivision in this paper.
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5.2. The looping/ factor

TPM (and some of the other experiments described in Sect®jdes information about
the fractionP(looped) of time that a DNA tether spends in one of its looped conforomet
Suppose that a repressor tetramer is already bound to opé€rgt Then we can regard
the looping transition as a combination of two subprocessamely (i) the occasional
spontaneous bending of the DNA to bring Lacl and the otheraipe(O;) into proximity,
and(ii) binding of O to Lacl. The first of these processes will be characterized tpyantity
called the “looping/ factor” below, whereas the second is characterized by aicla¢binding
constanty. The looping/ factor is the quantity of interest to us in this paper, astihésone
that we will subsequently attempt to predict theoreticdtlis a generalization of the classical
J factor from DNA cyclization [76—78], which can roughly begegded as the concentration
of one operator in the vicinity of the other. In this sectiomdefine/ mathematically; Sect. S5
describes how to obtain it from TPM data. (Sect. S5 will ekpthe relation betweed and
the “looping free energy chang& G, discussed by other authors.) Sect. 5.3 describes how
we compute/ from our theoretical model, and Sect. 5.4.2 makes comp@sisw available
experimental results.

The overall dependence of looping on the length of the ieteing DNA between the
operators can be qualitatively understood as reflectingdovopeting phenomena. First, a
short tether confines the second operator into a small regjpont the first one, increasing
the effective concentration. But if the required loop is sbmrt, then forming it will entail a
large bending elastic energy cost, depressing the pratyayl a Boltzmann factor. For these
reasons, the cyclizatiohfactor exhibits a peak at DNA length about 460[79]. Later work
extended Shimada and Yamakawa'’s calculation in many waysg @ variety of mathematical
techniques [43, 65, 80-94]; Sect. 7 will comment on someisfwtiork.

We now state the definition of thé factor to be used in this paper, and introduce the

closely related “differential/ factor,” which we call.J. As outlined above, we consider
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to bead

Sx magnification

Figure 6. lllustration of the notion of target pose with a represamatooped chain
from our simulations. The chain shown is considered to bep#al” in the sense of
Sect. 5.3.2 because the center of(itg operator matches its target within a certain
tolerance (shown not to scale by thkie-caged sphejeand the orientation of the
operator $mall arrowsin the inset) aligns with the target orientatidiarge arrows

in the inset). DNA elasticity may favor thermal fluctuatiahsit generate encounters
with O correctly oriented for binding (enhancing looping), or be tontrary, it may
favor encounters incorrectly oriented for binding, depegdn part on the number
of basepairs between the two operators. Figs. 7-8 show t@agmenon in our

numerical results.

fluctuations of the DNA chain conformation only, and ask hdtem operatorO,’s position
and orientation fluctuate to coincide with a “target”’ re@m@#ng the available binding site on
a Lacl tetramer already bound @, (see Fig. 6). (A precise characterization of the target is
given in Sect. S4.) A chain conformation is regarded as “tm3pf the pose (position and
orientation) ofO; matches the target to within certain tolerances. We exptesspatial
tolerance as a small volum® in space (with dimensiondength)?), and the orientation
tolerance as a small volunde in the group of rotations, normalized so that the full groap h
volumeS8~? [95]. The total group volume may be regarded as solid atgléor the director

Es, times angular ranger for the rotations of the frame abokt. Thuséw is dimensionless.
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Our Gaussian sampling Monte Carlo code generates many Disify cbhnformations in
a Boltzmann distribution. If we suppose that a Lacl tetramdyound toO;4 with binding
orientation, then a certain fraction of these chains are looped in theeabense witlO,
binding orientationv = 1; a different fraction are looped withh = 2. Clearly both of these
fractions go to zero if we take the toleraneesor éw to be small, so we define “differential

J factors” as

JW = lim (fraction in looped conformation, giveng) /(dvéw). (5)

a 6v,0w—0

It is convenient to introduce the abbreviations

Jiot = 15T and J = 872 Ji. (6)
o,

Note thatJ and.J naturally carry the dimensions of concentration. Our figsttion for
the conventions in Egn. (6) is thdt defined in this way is a generalization of the familiar
cyclization J factor [76—78]. To see this, suppose that we consider a ery loop. Then
wheneverO; wanders into its target volume, its orientation will be repically distributed,
and in particular all four of thei(f) are equal. If a Lacl tetramer is bound @g,, then the
effective concentratioy of O; in the neighborhood of its other binding site (regardless of
orientation) is related to the probabilities defined in Egh.by (say)J = 87r2fl(1). For
arbitrary loop length (not necessarily long), we repla@sl#ist factor by its average, obtaining
Eqn. (6)F

J®) depends on the position and orientation of the target; Setwill take these to be
defined by the crystallographic structure of the represstwariner. But more generally, we
can regard/(?) as a function ofrbitrary target pose, which we will compute and display in
Sect. 5.3.1.

Although in principle TPM experiments can obtain the absolmagnitude of/, in

practice the available experimental data are still spdfsgunately, theatio of J factors for

T For the case of cyclization there are no label$$ and no average; we then have= 872.J, which with

Eqn. (5) agrees with the definition in Ref. [65].
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two different situations is more readily obtainable tham &lvsolute magnitude (see Sect. Sb).
For this reason, we will sometimes report experimentaleshormalized to a mean value

which we define as

J(long) = mean of measured values over the rang®0 < L., < 310bp.(7)

5.3. Calculation of looping/ factor

Sects. S6-S7 describe how we generalized the Gaussianisgiante Carlo algorithm of
Sect. 4.1 to handle looping. Sect. S9 describes how we ctiexkecode, and our definitions
such as Egns. (5-6), by calculating thlization.J factor and comparing to the classic result

of Shimada and Yamakawa.

5.3.1. Orientation distribution of looped statedSach binding orientation 0f;y, with

B = 1,2, yields a characteristic distributia®y of allowed chains, each with a particular
pose for the center basepair©f. Of these, a small subs€} will be “hits,” i.e. will have that
center basepair inside its target volume for binding of ttheosite on Lacl (see Fig. 6 inset).
We are ultimately interested in a smaller subset still, dgrti®se chaing’;, for which O,

is also in one of its two target orientations. First, howevteis instructive to examine the
distribution of orientations forO, in C;. (The importance of this distribution was discussed
long ago by Flory and coauthors [77].)

For each “hit” configuration, we stored the orientation af @y, center segment relative
to the exit segment oB,y. Figs.7 and 8 show the distribution of the tangentia})(and
normal vectors ), respectively, for the “short” loop construct with loomigth equal to
89bp (I = 0 in the notation of Egn. (4)). In these graphs we have takemtitesphere and
divided into 20 finite-solid-angle bins. The coloring shoameach face of the icosahedron
represents the population of the corresponding angular bin

Figs.7 and 8 show that the orientation of hits is quite anigit, and not in general

peaked in the target orientation for forming any type of lodpese trends are characteristic
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Figure 7. Distribution of the chain tangent vector for generated mhanding in the
target volume (*hits,” see Sect.5.3.2) for the short carcdttether. The possible
directions forE; at the center ofD; have been divided into twenty bins and the
observed probabilities to land in each bin are assigned<.okach row of the figure
shows an icosahedron painted with the corresponding ¢ditora various viewpoints.
The red faces correspond to the most populated bins; bloes feorrespond to lower
hit densities. The four views represent clockwise rotatiohthe viewpoint byd0°
aboutE; for the two binding orientations db;4. The reference coordinate frames
at top represent the orientation of teeit frame of O;4. Directions labeled P1, etc.,
refer to the target pose for the corresponding loop typegchvhlioes not in general
agree with the most-populated bin. A total of ab@ut- 10'° chains were generated,

resulting in 1673 hits witht = 1 and12 540 hits with 3 = 2.

of all loop lengths; however, the same plots of the “long”damnstruct (not shown) reveal a
broader, though still peaked, distribution. The broadgwiirthe distribution as the loop length
increases is to be expected and is a natural consequence labihty of long DNA loops.

As the loop length is increased one segment at a time, thébdison of the tangential vector

evolves slowly, but the peak of normal vector distributiotates with each added segment
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Figure 8. Distribution of the normal vectoE; for the short construct tether. Other
conventions are similar to Fig. 7, except the directiongliedh P1, etc., correspond to

the target normal vectdt; for the corresponding loop type.

by about2n/, /l1aix =~ 27 /5 radians (data not shown). This rotation of the normal vector
distribution with changes in loop length corresponds tdtblecal nature of DNA; as the peak
rotates about the fixed target orientation, we get an appratealy periodic modulation in the
J factor called “helical phasing” [96]. A more quantitativeatment of this behavior follows

in Sect.5.4.

5.3.2. Looping criteria and tolerance choice€hains generated with the target segment
located within the target volumé&v (“hits”) pass the first constraint, the spatial tolerance
check, as mentioned above (see also Fig. 6). All result@spand to a spatial tolerance of
dv = (47/3)(2nm)3. Classification of chains as looped or not is further depehda an
orientational constraint defined yw. We required that the tangent vector to the chéig,

at the center of); lie within a cone of angular radius/4 radians of the target direction.

We also required that the major-groove direction at theezesftO,, E,, projected to the 1-2
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plane of the target orientation, must match the correspantdirget frame vector to within
27 /5radians. In other words, we checked whether the orientatfdihe major groove of
the generated chain’s central operator segment matchiasget orientation. If both of these
conditions are met, the “hit” conformation is considered&“looped.” The group volume
corresponding to these angular tolerances is fhus: 27r(1 — cos 7)(2 x 2) ~ 4.63, which

is much smaller than the full group volurse?. After a chain is classified as looped or not,
we proceed as described in Sect. S7.

According to Eqgn. (5), we are interested in a limit as thertoleesjv, dw approach
zero. In practice we must of course keep these quantitigs fimit we checked that we were
reasonably close to the limiting behavior by checking twheotchoices of these tolerances:
We cut the spatial tolerance in half, leaving the orientaldolerances the same, and we cut
the orientational tolerances in half, leaving the spatilrance a4 /3)(2nm)3. We found
that, although the magnitude of the phasing oscillationssi@sed slightly for each reduction
of the tolerances, nevertheless in each case the quadifferct on the/ factor calculations
(and also on the RMS probability distributions, Sect. 6) wasimal (data not shown).

We have chosen to report results of the larger tolerancafmréasons: First, the number
of hits is proportional to the tolerance, so we obtain bedtatistics with larger tolerance;
second, larger tolerances may actually do a better job o€senting the real experimental
situation, specifically flexibility in the head regions okthac repressor, which we do not

otherwise include. Recent all-atom simulations suggesittiis flexibility is substantial [97].

5.4. J factor results

Before presenting results for looping in TPM experiments, lwiefly describe a simpler
warmup calculation. Then Sect. 5.4.2 describes a calonldktiat can be compared to TPM
data, with moderately good agreement; Sect. 6.2 shows a mocé striking agreement of

theory with another kind of TPM data.
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Figure 9. J factor for pure looping, as a function of loop length,,,, in basepairs.
The vertical axis shows minus the natural logarithny¢measured in molar). (Some
authors call this quantit\G..p,/kBT’; see Sect. S5.5.) Thus, higher points on the
curves indicate more difficult looping; the curve rises & ligfit because of the high
elastic energy cost of a short loop. The triangle ati40oughly corresponds to the
minimum of the overall looping/ factor. Dots: Our Monte Carlo results. Blue, red,
green, and cyan represent the quantiﬂe%fc(f) corresponding to P1, P2, Al, and
A2 loops, respectively.Curves: Each set has been summarized by an interpolating
function described in Sect. 5.4.Black curve:The sum of the colored curves, that is,
the overall loopingJ factor assuming that each looping topology is equally weidh
(see Eqgn. (6)).Inset: An enlarged portion of the graph for loop lengths=ef300—
330 bp.

5.4.1. Pure looping One can imagine an experiment involving a DNA construct oty

the two operators and the basepairs between them, that flgnking segments joining the

loop to a wall and a bead. Here we present results on this féthredooping./ factor (“pure

looping”). We will also plot our results alongside corresding experimental numbers for

vivo looping, even though the latter correspond to rather diffephysical conditions.

The J factor for this situation, defined via Eqns. (5—-6), can bewakted by a simplified
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version of our Monte Carlo algorithm that generates onlyittteroperator DNA segments
and hence omits the steric-constraint checking. Fig. 9 shmw calculation of this quantity
as a function of loop length. Three sets of Monte Carlo dagaeported, each spanning three
helical repeats. The data for each topology are summarizedjtobal interpolating function
equal to the minimum of a collection of parabolas, centerefl,q,, values separated ly.;x.
The interpolating functions are specified by the overallgiiig (horizontal shift), a scaling
function which determines the widths of the parabolas asetion of loop length (physically
representing effective twist stiffness), and an envelojmetion describing the heights of the
successive minima (physically representing competinecesfof bend stiffness and entropy).
The figure shows that indeed interpolating functions of thisn globally summarize our
simulation data over a wide range bf,,, values. At shorter loop lengths, the contributions
of a single topology seem to dominate at any particular leoygth, resulting in a noticeable
modulation of the overall looping factor; however, at longer loop lengths (e&f)0) bp), the
contributions of each topology are all similar and tend tocet out each others’ modulations.
The anti-parallel loop topologies are predicted to be tledgored state, accounting for 90%
or more of the looped chains for loop lengths of abgfito 120 bp.

Fig. 10 shows the free energy of looping for &n vivo repression study [13], as
interpreted by Saiz et al. [42], along with our Monte Carlsuiés for the total pure looping
factor. The cellular environment is far from ideal in ternfsuaderstanding DNA looping
behavior: For example, superhelical stress, other DNA ibgngbroteins, and molecular
crowding all complicate the interpretation. Moreover, goanalyses assume that Lacl is
free in solution at a known concentration [42], whereas moich is instead likely to be
nonspecifically bound to DNA [40, 41] or otherwise unavaiab

Despite these reservations, the comparison to our predgtis interesting: Our
calculation seems able to predict the rough magnitude oirthavo looping J factor, to

within about a factor of two, at long loop lengths. At shottawp lengths, howevem vivo
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Figure 10. Comparison of our Monte Carlo results for pure looping toezkpental
data orin vivorepression. Experimental data framvivo gene repression experiments
[13] were converted toJ factor values using a formula developed in Ref.[42] (see
Sect. S5.5) and are shown llue The black lineis an interpolation of our Monte

Carlo results and is identical to the one in Fig. 9.

looping is far more prevalent than predicted from our simpledel. The next subsection

presents qualitatively similar results for the cas@ofitro TPM experiments.

5.4.2. TPM looping For the situation relevant to TPM experiments, the bead aalbnaust

be taken into account. This necessitates use of the algod#scribed in Sect. S7, to obtain
an estimate of the looping factor at each loop length and for each topology. The bead and
wall affected the overall looping factor, generally reducing it by about 30% for loops of
length 100—300 bp. We can interpret this reduction in terfirth@® slight entropic stretching
force generated by the bead and the wall [21]. We also fouatttte presence of the bead
and wall significantly changes the relative weights of thaotes loop topologies from the
corresponding pure looping case. For example, consideistimt” constructs. Even when
the simulation generates a DNA conformation that qualifeea &/pe P1 loop, there is some

chance that the conformation may be discarded becausdataesmne of the steric constraints;
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the chance of retaining a P1 loop was found to be about tweedhresponding probability
for an Al loop.

We can understand this phenomenon qualitatively as foll@wue to the relatively short
length of tether between the wall and the first operator, tN& s generally pointing away
from the wall when itentersthe loop (at the first operator), thus favoring loops (P1 and
P2) that maintain this directionality and keep the bead afmay the wall. This bias is
significant because the length of DNA from the second opetatihe bead is relatively short.
Presumably the reason P1 exhibits a larger shift than PZeuse the P1 topologxkitsthe
loop about7 nm in front of where itentersthe loop, whereas P&xitsabout7nm behind

where itenters

Overall magnitude of/ We first examine the overall magnitude &f To minimize the
effects of statistical experimental error, we computedatberage quantity (see Eqn. (7))
for both the “long” and “short” constructs. Our Monte Carlalaulation yielded the value

J(long, theory) = 100 nM and the ratio
J(short, theory)/.J(long, theory) = 2.0/100 ~ 0.020. (8)

That is, harmonic elasticity theory makes the qualitatiredction that the short loop should
be strongly penalized for its high elastic energy cost.

Turning next to the experimental values, we faced the proliteat TPM data yielding
an absolute number foy are so far available only for one loop length (see Sect. S5.4)
However, Egn. (S9) shows that this one point can be used toal@e all the others. With this
procedure, we found that(long, exp) lies in the rang@4—45 nm. Thus the predicted overall
magnitude of the/ factor for long loops, computed with no fit parameters, ligghin a
factor of2.2—4 of experiment, or equivalently our simulation found theefemergy of looping

AG)e0p In agreement with our experimental determination to wititioutig7' In 3 ~ 1 kgT'.
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Our uncertainty in overall normalization drops out of ratsnich as/ (short, exp)/.J(long, exp) ~
0.35. Comparing to Egn. (8) shows that our theoretical model caaocount for the relation
between short- and long-loopfactors: In the short-loop regime, looping is much easianth

predicted by harmonic elasticity theory. The next paralgigiges more details.

Variation of J Fig.11 shows the behavior of as we scanned through two ranges of
loop lengths (“short” and “long”). Because of the large expental uncertainty in the
overall magnitude of/, we divided both theory and experimental values.Joby their
respective averageKlong), thus forcing both the solid (our theory) and dashed (expent)
black curves in panel B to be centered on zero. Fif.4dows that, although individual
looping topologies have significant phasing effects, thesarly cancel in our simulation
results, because in this paper we assume that all four @pesatding orientations have
the same binding energy (see Fig.5). (Similar phenomena discussed in Refs.[98, 99].)
Fig. 11a shows that the harmonic elasticity theory, embodied by ouukation, was unable
to account for the relative free energy of looping of longsuer short loops, overestimating
AGie0p (94 bp) — AGoop(long) by up to abouB.7 k7. This observed excess of looping for
short DNAs joins other signs of non-classical elastic barawhich also begin to appear at
short length scales [32,100]. However, it could insteaddpdegnable in terms of other effects

neglected in our model (see Sects. 1.3.3 and 8).

5.4.3. Open Lacl conformatiosect.5.4.2 showed that the hypotheses of harmonic
elasticity, a rigid V-shaped Lacl tetramer, and no nondpeBINA—repressor interactions,
cannot explain the high looping incidence seen in our erpemis for short DNA. One
possible explanation, for which other support has been ipigpws the hypothesis of DNA
elastic breakdown at high curvature [27, 28, 100]. Indeezf, [R3] showed that such elastic
breakdown can accommodate both enhanced looping at simgthk and normal DNA

behavior observed for loops longer than 390
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Figure 11. Comparison of the relativg factor from our Monte Carlo resultsdlid,
heavy black curvgsand TPM data of Han et al. [26] on random-sequence DNA
(open circles with dashed black curyega) Relative J factors for the “short” DNA
constructs (see Eqn. (4)), based on alseii® simulated chains bj Relative.J factors

for the “long” constructs, based on abdt® simulated chains. All the experimental
J factors are quoted relative th(long exp) defined by Eqgn. (7) for the experimental
data in panellf); similarly, the theory values are relative f{long theory). The
blue, red, green, and cyan solid lines represent contoibsitirom P1, P2, Al, and A2

respectively; the heavy black solid line represents their.s

An alternative hypothesis is that for our shorter loopsplag is actually dominated by
the contribution from a distinct, “open” conformation okthepressor tetramer. Accordingly,
we repeated our simulation for one particular represesg&egrsion of the open conformation,

the one discussed in [24]. Here each dimer is assumed to bk bgt the opening
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angle of the hinge where the dimers join has spread tg>.180his time we found
J100p(95DDP) / J0op (305 bp) = 0.13 exp(—AGopen ), WhereAG ., is the free energy cost of
opening the tetramer. There are a wide variety of estimdtés(®,,.,,, but we see that even
if it were equal to zero, the hypothesis of an open conforomadiill would not be consistent

with our results.

6. Effect of looping on bead excursion

Sect. 8 will discuss the status of the results in the preveaasion, but clearly the agreement
between theory and experiment is rather rough. We now tura touch more striking
comparison. In addition to studying the total probabilityamping, TPM yields more detailed
information about the effect of looping on bead excursiage(§igs. 12-13). A common
experimental practice is to bin the data into finite sampledews, giving rise to a probability
distribution of bead excursion. In this section we deschbe we modeled this situation
theoretically; for more details see Sect. S3. Figs. 12—b8vghe degree to which our model

successfully predicts the experimental observations.

6.1. Mimicking looped, doubly-bound DNA tethers

In the absence of Lacl proteins, our procedure is straightfod: We generate chains as in
Sect. 4.2, divide them into batches represerdingvindows (see also Sect. S3), and compute
the RMS excursion in each batch. Instead of computing thenméshesepy,,s 45 values,
however, we instead histogram their distribution. We walanapply essentially this same
procedure to the more elaborate calculation of Sect. 5 tailhe looping distributions we
want, with one important modification.

Sect. 5 considered th@otentialfor binding theO; operator. That is, we computed the
fraction of time for which an unboun@, operator was positioned close to a pose suitable

for binding to take place. Once binding does occur, howdhergeometry of), alters: It
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develops a kink. Modeling the bead excursion for loopedestegquires that we account for
the geometry of the fully bound complex, not the about-todistate. (See Sect. S4 for more
on this distinction.)

Because we model the Lacl tetramer as a rigid object, it magdbat for each selected
looping topology we need only consider the DNA outside thepleegion, replacing the
entire loop by a single rigid Euclidean motion from tletry to the exit poses determined
by the tetramer (see Fig. 4). Eliminating the loop regiomfrte simulation would certainly
speed up calculations, and indeed, it is nearly correct. é¥ew this procedure would miss
the possibility of steric clashes between the loop regicn thwe bead and wall, potentially
skewing the reported distribution of bead excursions. Asragromise between speed and
accuracy, we simulated the regions wa#ntry, and exit—bead, as usual, but, for each
looping topology, inserted eepresentativdoop between them. The representative was an
actual loop configuration stored from the more exhaustimeukition in Sect.5. The entire
chain was then checked for steric clashes as usual, andstinédiion of bead excursions for
each of the four looping topologies was built up.

To find the appropriate relative weights to assign each aitifieur distributions, we used
the simulations described in Sect. 5. Finally, we combirnedresulting overall distribution
for looped states with the corresponding one for the unldagtate. In principle, we could
have found the appropriate relative weighting by using mmpguted looping/ factor and
the binding constank’y extracted from experimental data in Sect. S5. In practioaever,
the experimental data do not yet yield very precise valuegsfo Moreover the theoretical
prediction for overall weighting depends very sensitivetythe value of DNA persistence
length, which is not precisely known. Accordingly (and ie tpirit of Fig. 11), we chose the
overall relative weighting between looped and unloopetésthy hand for one value @f,,,,.
That is, we chose a common, constant value of this factor [fauaves shown in Fig. 12.

Our justification for this step is that our adjustment doesmadify the locations, widths, nor
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relative strengths of the looped-state peaks, which are thus nonedea predictions of the

theory:*

6.2. Bead excursion results

We followed the method of the previous subsection, inclgdapplying a modified blur
correction appropriate for looped tethers (see Sect. S2.R) order to obtain smooth
distributions, we ran the Monte Carlo code until a tota 6fx 10* observations (independent
values ofpr,s. 45) Were obtained. The results were then binned with bins offwidim and
normalized.

Figs. 12 and 13 show the experimentally determined proibakiénsity functions for
bead excursion as blue dashed lines. The rightmost peakese distributions correspond
to our expectations for unlooped tethers (Fig.3). One mibimk that at least one of the
remaining peaks would be located at a value correspondiraptonagined tether that is
unlooped, but shortened by the number of basepairs betweetwo operators; on the
contrary, this expected peak location generally fab$weerthe two peaks seen in the data
[26]. Figs. 12—-13 show that in contrast to this naive exgertaour simulation does a fairly
good job of predictingpothpeak locations. Indeed, the figures show significant resemabl
between the theory and experiment, including the trendsas is varied. Specifically, the
theory automatically yields two looped peaks, and roughhggitheir observed locations and
widths (each to within abouit) nm). The theory also predicts that the middle peak is small
at302-304 bp, and bigger elsewhere, and that the lower peak is not ratatlihs much as the
middle one, all of which are in agreement with the experirakdta. All of these qualitatively
satisfactory conclusions emerge without the hypothesagfmajor conformational change

of Lacl.

* More precisely, we started with the predicted bead excorsistogramsPioop (p) and Pooloop(p). Then we
chose a constantand displayed\ Pioop + Paoloop)/(1 + A). Choosing a value fok that is smaller than unity

thus enhances the relative contribution of the unloopddsta
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Figure 12. Theory and experiment for the probability density functi@i RMS bead
excursion for six of the “long chain” constructé & 900 bp, L., ~ 306 bp) studied
by Han et al. [26]. Blue dashed curveshow experimental TPM data on random-
sequence DNABIlack curvesshow our theoretically predicted distributions for the
corresponding interoperator spacings. The model yieldsetihistograms as the sum
of five contributions, corresponding to the four looped lop@s (Al, A2, P1, and
P2), and the unlooped state. Because our simulation regetes not fits to the data,
they did not reproduce perfectly the ratio of looped to upkxb occupancies. For
visualization, therefore, we have adjusted this overdilbday a factor common to all
six curves (see main text). This rescaling does not affexidbations of the peaks,
the relative weights of the two looped-state peaks, nor gpeddences of weights on
loop lengthL,p,, all of which are zero-fit-parameter predictions of our modée
separate RMS displacements for each individual loop tappltor the300 bp case,

are also shown agertical dashed lines
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Figure 13. Theory and experiment for the probability density funcsiaf the finite-
sample RMS bead excursion for our three “short chain” consir The separate RMS
displacements for each individual loop topology, for 8p case, are also shown as

vertical dashed linesln other respects the figure is similar to Fig. 12.

The dissection of bead excursion into distinct peaks is edigvant to the question of
a possible open conformation of the Lacl tetramer. Even ifsuppose that the middle
looped peak in Fig. 13 reflects an open Lacl conformation, rapgsed by Wong et al.,
nevertheless those authors also proposed that the lowkrgibected the closed (V-shaped)
conformation [24]. The experiments of Han et al. show thaséhpeaks have comparable
strength, and so in particular the lower one is inconsisigtiit the assumption of harmonic
DNA elasticity. (One could instead propose tlath peaks reflect an open conformation,
but Sect. 5.4.3 argued that even this new hypothesis isalplik explain the experimental

results.)

7. Relation to others' results

The calculational approach in this paper is Gaussian sagplonte Carlo (see Sect. 4). Here
we make just a few specific comments about representative@ga of other calculational

methods. The reader may wish to pass directly to the dismugsiSect. 8.
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7.1. Analytic methods

Some methods do not involve the generation of random matrice

Diffusion equation or’(3): A series of independent steps defines a random walk. Thus the
successive bends between chain segments can be regardefthagyca walk on the group
manifold of SO(3), the rotation group; more generally, the successive pokssgments
define a walk on the Euclidean grou(3). The probability density function of segment
poses evolves as we move along the chain, in a way that candwgatad by using a set of
orthonormal functions [90, 101], a procedure mathemadyicainilar to some calculations in
guantum mechanics. In some cases the resulting series ceumbeed and represented as

a continued fraction [87, 88, 94, 102]. Another approacthwdvolution of a distribution is

via matrix exponentiation [91], or other transfer-matrppaoaches [89]. These approaches
converge slowly, however, for the case of short chains, ane mccommodates easily the sort

of nonlocal constraints arising in TPM experiments.

Gaussian approximation: The looping/ factor is essentially a probability for configurations
satisfying a global constraint. As such it can be represkeasea functional integral, which in
turn can be approximated by an expansion of its integranghakds critical points (maxima).
Keeping the value of the integrand only at the critical peintcovers the equations of
elastic rod equilibrium; however, it omits entropic cohtiions to the free energy (see for
example [49, 74, 103]). An improvement to this procedureraxmates the integrand as a
sum of Gaussians about its maxima; the integral may then be,dgelding the entropic
contribution as the log of a functional determinant [43,79%,85, 92, 104]. Unfortunately,
this approximation breaks down when any eigenvalue of thetuation operator becomes
small, and in particular when the loop becomes bigger thawahiundred basepairs. Also,
it is again difficult to generalize this approach to incogdernonlocal constraints such as

bead—wall exclusion. And although the method is efficienctamparing the free energies of



First-principles calculation of DNA looping in tethered piale experiments 44
different looped topologies, the direct comparison of kedpo unlooped is difficult. Perhaps
for this reason, we do not know of any work using this apprdbehhas attempted to include
the dependence on Lacl concentration; that analysis wasatto the present work in order
to disentangle the effects dgfand K4 in the experimental data.

Note, however, that Zhang et al., using this approach, haveduced a more detailed
model of the Lacl conformation than the one in the presenepfs8, 92]. Also, they and
Swigon et al. introduced a detailed model of sequence deperdn their calculations, unlike
the present work [75].Like the present work, Refs. [43,75,92] neglected possiatapping”
effects. Swigon et al. considered very low salt concernagt{and so had to account for long-
range electrostatic effects), so their results cannot kectlly compared to ours; moreover
they considered only the situation we have called “pureilogp(Sect. 5.4.1). Nevertheless,
it is interesting that for pure looping, our results agrealgatively with their finding that,

assuming the V-conformation of Lacl, the antiparallel |&d@s lowest looping free energy.

7.2. Monte Carlo methods

We chose a Monte Carlo method because it is computationaltyaible, it calculates the
guantities actually observed in TPM experiments, it cotleesentire range of loop lengths of
interest to us, and it allows a simple implementation of tdtis constraints relevant to our
problem. Additionally, the method can readily be geneadlito include sequence dependence
[65] or nonlinear models of DNA elasticity [93]. As a bonuspMe Carlo methods give
a direct visualization of which chain conformations, andparticular which topologies,
dominate the statistical sum, unlike the diffusion equatomatrix-exponentiation methods.
It also gives us the distribution of near-miss configuratioallowing us to quantify the
importance of the stereospecificity of binding (Sect. 5.34lso, we are not obliged to find

every critical point of the elastic energy, an error-proearsh in a high-dimensional space

# Popov and Tkachenko also studied statistical propertieegfience-dependence effects [105] in models of

this type. See also Refs. [86,103,106-108].
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of configurations. For example, it is easy to miss stabilifyrsations as the loop length is
stepped through a range. Our Monte Carlo code stumbles ingahoiminant configurations,
including all topologies, without requiring human insigh{lt also automatically lumps
together all distinct topologies that cannot be experimgntlistinguished, without the need
to find their individual critical points, then add the copesading contributions by hand.)
Finally, unlike some methods, Monte Carlo simulation gasilowed us to work out the
distribution of bead excursions (Sect. 6).

Among prior Monte Carlo methods we mention:

Gaussian Sampling: The work in this paper extends prior work in Refs.[15, 21]. As
mentioned before, Czapla et al. also applied this methoygdiization (but not looping) [65].

Sect. S8.2 makes a specific point about a side calculatidraintork.

Metropolis Monte Carlo, Brownian Dynamics:These powerful and general methods can in
principle handle chains of any length, with arbitrarily qolex constraints, and in some forms
can also study kinetics (see, e.g., Ref. [80-84,109-1W4d)only note that for the equilibrium
calculations of interest to us, Gaussian sampling MontéoGsia simpler alternative method,
which completes in a reasonable time on current laptop ctengpu Moreover, because in
GS Monte Carlo every chain is independent of every otherwee)ave fewer worries about
pre-equilibration, coverage of the allowed phase spaaksaron than in Markov-chain MC

methods.

All-atom simulation: Schulten and couthors have developed a hybrid method thiesents
the DNA as an elastic continuum, coupled to an all-atom samh of the Lacl tetramer
[97,112-115]. They did not apply this method to TPM experitseand their simulation
appears to neglect twist—-bend coupling and entropic darttans from the DNA chain.

However, simulations of this type did identify a “locking”@ohanism, which apparently
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prevents opening of the tetramer (i.e. maintains its ov&k&brm), even in the presence of

significant external stress.

7.3. Fitting

Some insight into mechanisms can be gleaned by fitting dgtlhdnomenological parameters
roughly representing DNA stiffnesses etc., essentiallyaining interpolation formulas
summarizing the data [42, 99]. For example, the anomalohiglly looping compared to
theoretical expectations (Sect. 5.4.1) was previouslgaat Ref. [42], and the possibility of
partial cancellation of phasing modulation (Sect. 5.4n1iRef. [98, 99]. Ref. [42] also called
attention to an asymmetric modulation in their graphs oplog free energy versus,,,,; we
agree with their later observation that such asymmetriasacae from the sum of different
loop topologies (fine structure in Fig. 10).

A drawback of the fitting approach, however, is that the irdfévalues of fit parameters
do not have a literal interpretation as elastic constawtsgxample, their numerical values
depend on extraneous variables [99]. The present work songtead to predict the data
from first principles, using fixed values of elastic constamtlso, many prior works studied

in vivo data, whereas we have focused on TPM experiments for redssnebed earlier.

7.4. Estimates and other analyses

The analysis of Wong et al. attempted to estimate the positddthe peaks in their TPM data
from simple geometry applied to assumed configurationdierepressor tetramer [24]. The
present work sharpens and corrects some qualitative dssmaade, for example, in their
Supplement.

Vanzi et al. obtained a loopingfactora 0.1 nm from their data and noted that this value
is much lower than those measured in other types of expetsied]. Both our theory and our

experimental results obtained from data in Ref. [26] agne¢.t is much larger thaf.1 nm,
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albeit with large uncertainties for now. Vanzi et al. sudgdghat it would be important to
calculate effects such as the entropic force generatedebgahd; the present work gives the

needed calculations.

8. Discussion

Our theoretical model and its main results were summariz&ect. 1.3.

As mentioned earlier, DNA cyclization and looping have b#enfocus of many prior
calculations. Broadly speaking, the novelty of the presemk lies in the combination of a
number of features: We have calculated looping, not cytitimawe have calculated quantities
relevant to TPM experiments; and we have presented detedlegbarisons to experimental
data, with no fitting parameters. (Sect. 2 explained why wadTPM to be a particularly
revealing class of experiments.) Finally, we know of no priork that predicts the detailed
distribution of bead excursions in looping as functionsomfd length and Lacl concentration.
TPM experiments yield such data, and with it the prospectxpeementally separating the
contributions of different loop topologies.

Fig.3 shows that our simple model adequately captures midctheo physics of
equilibrium tethered particle motion without looping. @ilhatively, the effective bead size
may be slightly different from the nominal value, or effeely different due to surface
irregularity. Despite these reservations, clearly ourassthnding of TPM is more than
adequate to distinguish changes in effective tether leofgthO bp or more.

Sect. 5.4 gave a determination of the absolute magnitudkeofobping./ factor as a
function of operator spacing, and a comparison to expetinidrese comparisons were only
approximately successful. We may point out, however, thatexperimental determination
had large uncertainties, because the available data lusostiewhat sparse. In particular, all
our absolute values currently depend on a single measuteofehe fraction of time spent

looped for a306 bp loop at[Lacl] = 100 pm (see Eqgn. (S9)). Also the slope of the titration
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curve, and hence the parametgr is still poorly characterized by available data (see Fi&y. S
and Eqgn. (S9)). Additional experiments would help imprdvie situation.

On the theory side, we note that existing measurements @Mh#epersistence length
are subject to uncertainties, and that rather small chammgbee assumed value @f make
significant changes in our prediction for the overalfactor. Thus an accurate absolute
prediction of J is perhaps demanding too much at this time; and in any casdswegust
argued that experiments, too, do not yet yield an accura@ate experimental determination
of J. To address both of these concerns, we noted thatethéve J factors for different
situations are better determined by experiments than thaate magnitude, and so we scaled
the theory and experimental results by their respectivesaes for loop lengths neabs bp.
Then we compared the predicted and observed reldtfaetors for several individual lengths
near305 bp, and also for a few lengths nearbp. Here the results were th@t near305 bp,
neither theory nor experiment were strongly modulated bgspty, though experiment was
more modulated than theory (Fig.d)1 (ii) near94 bp, our theory predicts far less looping
(lower J) than was observed (Fig. &l

The fact that harmonic elasticity theory underestimaftgs, for short loops cannot
simply be attributed to our neglect of sequence informatibnleed, special sequences are
observed to cyclize [116] and to loop [67, 117, 118] even narglly than the random-
sequence constructs studied here and in Ref.[26]. Nor casimply suppose that we
overestimated the true value of the DNA persistence lengtducing the value in the
simulation would increase looping at both short and longgtlles, leading to a worse
discrepancy at the long end. Instead, we must look to our gihygsical hypotheses to see
which one is breaking down for short DNA (see Sect. 1.3.3).

The very small phasing modulation observed in our calootatiresults partly from the
near cancellation of out-of-phase modulations in the doumtions from individual looping

topologies. Certainly we could have obtained greater naidhri had we been willing to
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adjust our model’s twist stiffness hoc,but our goal was to see how well the model predicted
the data without fitting. It is possible that the degeneraeyassumed between the binding
in each of the four topologies is an oversimplification, amak therefore the cancellation is
not as complete as what we found in our simulation. (For exeye neglected the strain
on the tetramer exerted by the DNA, which could differetyialffect the different looping
topologies.)

Our results were much more striking when we turned to theilddtaistributions of
bead excursions. These results are complementary to tleeamabsolute and relativé
factors, because the locations of the peaks are not affegtady possible elastic breakdown
of the DNA within the loops; instead, they depend sensiivah the assumed geometry
of the repressor tetramer. Fig. 12 shows that the distia¢hvee-peak structure, including
the positions, and even the relative strengths, of the tm@igeaks, emerges as a natural
consequence of the four discrete looping topologies foll bad its known geometry. We
also found reasonable agreement with the less extensiual@eadata on the peak positions
for the short-loop bead excursion distribution (see Fig. 13

Our calculations did not systematically study alternatgyen,” conformation of Lacl
such as the one proposed in Ref.[119], although we did stewalae somewhat artificial
model (a rigid,180° conformation [24]). Although certainly such a conformatiswitch is
possible, we note that Villa et al. have argued against itronigds of molecular mechanics
[97]. On the other hand, Wong et al. obsenditect transitions between their two looped
states (i.e., without an intervening unlooped episode),thay argued that this rules out any
interpretation of the different looped states in terms @f distinct binding topologies. Our
work has not resolved this issue. But in any case, the foyr topologies we studied must
exist with any Lacl conformation, and we showed that theagiosonformation alone gives a
surprisingly detailed account of the observations of Haal.R6]. We also found that when

we simulated the maximally advantageolff)°, conformation, the resulting loopingfactor
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still fell short of the value observed in experiments, eviewe supposed zero free energy
cost to pop into that state. And if desired, our calculatiomesne may easily be extended to
incorporate any desired hypothesis for Lacl opening.

Finally, to illustrate the generality of our method, we atsdculated/ factors for a DNA
with no bead or wall (“pure looping”). This calculation algave us a quantitative estimate of

the effect of the bead and wall on looping.

8.1. Future experiments

More extensive titration experiments will help pinpoinethalues of/ better, and eliminate
the need to base all determinations/adn a single titration curve, as we have been compelled
to do. Also, taking data with a fast camera shutter would ielate, or at least minimize, the
role of the blur correction (see also Sect. S2).

Our ability to resolve bead excursion distributions intstilict contributions from
different looping topologies in Sect. 6 involved a subtledeoff. The finite sample RMS
bead excursiomy.s,., is more sharply peaked for longer sampling tim&hus, using larger
values oft could in principle clarify the structure of the distributi® in Figs. 12-13. But
increasingt also increases the fraction of incidents when a tether awaitg looping state
in the middle of a sample. One could imagine instead incngaie video frame rate, but
Sect. S3 points out that the bead diffusion time sets a lionithiat can be gained in this way.
Thus it would be desirable to do experiments with smalledbebence faster bead diffusion
times, and correspondingly faster video frame rate.

A second advantage to using smaller beads is that this womlithize the perturbation
to looping caused by the bead, for instance the entropiefpushing the bead away from the
wall, which slightly stretches the DNA.

Finally, it would be interesting to try experiments of thetsmnsidered here but using

other regulatory proteins, particularly ones not suspktiiebe as labile as Lacl, in order to
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see if the effects we calculated really are generic, as weuasethey are.

8.2. Future theory

Certainly we could improve agreement with experiment bgoiddticing two fitting parameters,
which could be considered as effective twist and bend sffes.; Alternatively, the method
in this paper could trivially be adapted to a detailed modedemuence-specific, harmonic
DNA elasticity. But such detailed models may miss a largengpdhat harmonic elasticity
itself seems to break down at high bend and/or twist straim. adlvantage of our Monte
Carlo scheme is that it does not depend on the assumption @fuasian distribution of
elementary bends; any distribution of interest may be swibst in the code, for example
the one proposed in Ref.[100]. Finally, any desired charagation of repressor flexibility,
for example the one outlined in Ref. [24], can be incorpatdig drawing the matricelsl, N,

etc. (see Sect. S4) from appropriate distributions.

8.3. Conclusion

Our goal was to go the entire distance from an elasticityrsheb DNA to new, quantitative
experimental results. To cast the sharpest light on the eosgn, we chose to study
experiments that are free from confounding elements pt@s&ivo, e.g., molecular crowding
and DNA bending proteins other than the repressor of inteM developed a number of
techniques that will also be relevant for other experimémislving tethering of particles
near surfaces. Although even this simplified setting prisseome daunting geometrical
complications (the effects of the tethered bead and wadlyertheless it really is possible
to understand much of the available experimental data, (#g.three-peak structure of the
bead excursion distribution) with a physically simple miodéis level of detailed agreement

will be helpful when trying to identify the many peaks in fuglexperiments involving more
T The other two elastic constants, involving anisotropy drattvist—bend coupling, had small effects on our

results (see Sect. S8.1).
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than two DNA-binding sites. It also gives us strong evidehet our experiments are working
as intended; for example, if bead sticking events were ptirrg our data, it would be quite
a coincidence if nevertheless we found agreement with yhieorthe full histogram of bead
excursions. We did find significant deviations between themd experiment, at short loop
lengths. Here the fact that our underlying physical model Very few assumptions lets us

focus attention more specifically on what modifications tusthassumptions may be needed.
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