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The aggregation of two highly charged semiflexible polyelectrolytes in the presence of generalized
linkers is studied theoretically. This model provides insight into biological processes such as DNA
condensation and F-actin self-assembly induced by either multivalent counterions or bundling
proteins. The interplay between the bending rigidity of the chains and their electrostatic interactions
leads to an effective interlinker interaction that is repulsive at large distances and attractive at short
ones. We find a rounded phase transition from a dilute linker gas where the chains form large loops
to a dense disordered linker fluid where the chains are almost parallel. The onset of chain pairing
occurs as soon as the free energy of a pair of chains becomes lower than that of two isolated chains
and is located well within the crossover regime between the two linker phases. Our main findings
are confirmed by molecular dynamics simulations of two semiflexible charged chains in a mixture
of monovalent and polyvalent counterions. This simple model allows us to recover qualitative
features of experimental aggregation diagrams of DNA and F-actin and can also be used to study
DNA denaturation. ©2002 American Institute of Physic§DOI: 10.1063/1.1481382

I. INTRODUCTION i.e., not long compared to their persistence lengths, their con-
densates consist in general of straight bundles of close-
Biomolecules, notably nucleic acids and proteins, are inpacked filaments. Synthetic stiff polyelectrolytes such as
variably charged because of their need to be soluble over goly(p-phenylene benzobisthiazoléPBZT) can also be in-
broad range of concentrations in aqueous solution. Furtheduced to form bundle¥ In all the above cases, when the
more, their charge provides a powerful yet subtle basis foeoncentration of condensing agents is not sufficiently high, it
control of their aggregation and condensation, both withis expected that some sort of intermediate structure will arise,
themselves and each other. Of particular importance is th@wolving a network of junctions at which individual or small
condensation of DNA in the presence of multivalentnumbers of counterions or linker proteins are shared between
counterions=* In vitro studies of highly dilute DNA solu- pairs of polyelectrolyte moleculés.
tions have established that DNA can be condensed in this The effect of multivalent counterions on the interaction
way into hexagonally-packed, circumferentially-wound, tor-between highly-charged polyelectrolytes has been the focus
oids whose interaxial spacings are as small as those in crysf a great deal of attention in the past decade, both
talline DNA. In vivo analogies of these structures have beerexperimentally® and theoretically*~23 Of special interest is
studied most thoroughly in bacterial viral capsids, where thehe attractive force that can arise between such chains, which
high density of DNA is necessary for storage purposes. Innecessarily implies the qualitative breakdown of the mean-
deed, the genes carried by the condensed viral genome dield (Poisson—Boltzmanntheory of electrostatic interac-
not accessible for transcription or replication until the DNAtions. Two main mechanisms have been proposed for the
is “freed” by injection into the bacterial cell. origin of this attraction. In both mechanisms, the condensed
Polymerized actir{F-actin, a ubiquitous and important counterions in a narrow layer surrounding the chains give
structural protein, is comparably strongly condensed by theise to charge distributions that are highly correlated along
addition of either multivalent counterions or “bundling” the axes of the chains; the attraction arises from anticorrela-
(“linker” ) proteins>~°® Because the actin filaments are stiff, tions between these charge distributions. At low
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temperatures/high fixed-charge densities the attraction is dusccordingly, no true, first-order, phase transition is found.
to short-ranged correlations in the charge distributions, remiNevertheless, upon increase in the chemical potential of
niscent of a Wigner crystdf-?0-22:24-2&¢ high temperatures/ linker we observe a dramatic crossov¢rounded phase
low fixed-charge densities, on the other other hand, the atransition”) from a dilute to a condensed state of this 1D
traction is due to long-wavelength fluctuations in the chargesystem of interacting particles. By analyzing the typical
distributions'*17:192627aAn additional contribution to the at- chain configurations accompanying each thermodynamic
traction arises from the nonisotropic distribution of counteri-state we are able to conclude that the dilute phase corre-
ons in the plane perpendicular the chain aXes. sponds to the chains forming large logp&th sizes exceed-

In this standard view of aggregation of highly-chargeding the chain persistence lengtbeparated by isolated link-
chains, one focuses on how multivalent counterions mediaters, while the condensed state is associated with essentially
attractive effective interactions between the chains. By conparallel chains that share a high density of linkers. While the
trast, in this paper we take the opposite view—we consideglope of linker density vs chemical potential is finite, it is
how the chains mediate effective interactions between théarge enough to identify a distinct region in which low and
multivalent ions?®?° We then consider the consequences ofhigh density fluids coexist at essentially constant chemical
these effective interactions on chain aggregation. Indeed, weotential. The position of this region is determined by the
sidestep the question of the origin of the attraction by treatrelative magnitudes of intrachain bending energy and inter-
ing the multivalent counterionexplicitly as interchain link- ~ chain electrostatic repulsion. Further, it always contains the
ers, i.e., particles that hold the two chains together by &lensity at which the free energy of a pair of chains becomes
short-ranged attraction. By keeping the discrete nature of th®wer than that of two isolated chains. We predict accord-
multivalent counterions instead of replacing them with aingly that when chains first begin to associgpain in the
continuous distribution surrounding the chains we manage tgresence of linkerémultivalent counterions or bundling pro-
keep the most important effect of ion correlations. On thet€ins they do so along only part of their length and that the
other hand, since the correlations between monovalent iorféensity of shared linkers is constant as further linker is
are not expected to play an important role, we treat them agdded.

a continuous background, which leads to the standard expo- The above picture is borne out nicely in a series of mo-

nential screening of electrostatic interactions. It should thudecular dynamics simulations that elucidate this process. The
be emphasized that, in our approach, multivalent counteriongmulations are described in Sec. IV, where we treat a pair of
are treated qualitatively differently from monovalent ones. Semiflexible charged chains in the presence of neutralizing

One advantage of treating the multivalent counterions agounterions. The counterion fluid is composed of a mixture
linkers is that our approach can be generalized to inclug®f monovalent and trivalent counterions. The simulations are
other forms of linkers, as well. In particular, we consider@imed at determining the stability of two-chain complexes
how chains mediate effective interactions between bindindOr different counterion mixtures, varying between purely
proteins that connect the chains together. Thus, we treat bofRonovalent andaimos} purely trivalent. We found that be-
multivalent counterions and bundling proteins as generalizepW @ certain threshold number of trivalent counterions
linkers that adsorb onto the polyelectrolytes and result in thélz=3=N"* the chains do not hold together and separate from
formation of interchain junctions. To gain insight into the €ach other. Above it, the chains remain paired in a very spe-
phenomenon of chain aggregation, we focus on a simplifie§ial way; along some fractiorf,, of their total length they
system, namely a pair of semiflexible polyelectrolytes in the?'® €ssentially parallel and share some of the trivalent coun-
presence of generalized linkers. We note that a strong simf€rions serving as interchain linkers. Upon further increase in
larity can be seen between the theory treated here and that D=3 f2 increaseslinearly with N,—3) up to its maximum
DNA melting®°-35where a double-stranded DNA molecule V&lUe (unity) at N**. Throughout this regimeN* <N,—;
denatures—separates—into two single-stranded chains. N ) the density of linkers remains constant, correspond-

this latter case the role of linkers is played by the hydrogedd 0 the condensed state predicted by our theory, and con-
bonds connecting complementary base pairs. sistent with the specific prediction that the onset of pair sta-

We begin with an analytical theory. FiréSec. I) an bility occurs within the two-phase coexistence region, i.e., as
effective interaction between linkers is derived, which takesS00" as chains are paired they are n a parallel configuration
into account both the elastibending energy of the indi- with a high-density of linkers. Abov&l** further addition

vidual chains and the interchain electrostatic repulsions. Thiglc multivalent counterions leads to an increase in the density

interaction is found to be nonmonotonic. At short distances,Of linkers and to a saturation of the strength of bindipgir

there is an effective attraction between linkers whOS(—_aSSOC""‘tIoh

strength varies quadratically with the charge density of the

chains; this attraction is cut off at still shorter distances byj|. THE LINKERS AND THEIR INTERACTIONS
the direct repulsionelectrostatic and hard core in origin A Introduction

between linkers. At larger distances there is an effective re-"
pulsion mediated by the bending energy of the chains. In  As discussed in Sec. I, our aim in this section is to con-
Sec. Il we derive the statistical thermodynamic properties oftruct an effective pair potential for linkers, including the
a system of particleghe linkerg interacting through an ef- effects of chains, which we will then use in Sec. Ill to solve
fective potential of this kind. The system is essentially onefor the phase behavior of the system.

dimensional(1D), with only nearest-neighbor interactions; We start with a description of the full system and reduce
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(a) Dilute Regime

Borukhov et al.

to each other. More specifically, the angular dependence of
the electrostatic energy of two straight chairf§ is
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(b) Dense Regime = ) ) i

("Railway Track") Nl b whereé=Ig/l, is the effective Manning—Oosawa parameter
e 3%,\@ ke of the charged chainé:* The line charge density of the
:EIM id /% chains is negative and equal toe/l;, wherel , is the aver-
/\_/’ X /

monovalent ions

(C) Crossover Regime

age charge separation along the chain. We will see below that
I' is an important energy scale of the system.
The effective interaction between linkers is governed by

the interplay between chain bending rigidity and repulsive
interchain electrostatic interactions. Clearly, the chain bend-
ing rigidity favors parallel alignment of straight chains. On
the other hand, the electrostatic repulsion between chains
favors a large crossing angle between the two chains at each
junction; this interaction therefore results in a torque that
tends to bend the two chains.

In setting up the geometry of the problem, we assume
the problem to an effective linker—linker interaction in the that the two chains are located in parallel planes. One chain
following subsections. Linkers are treated explicitly while is located in they=0 plane and follows the curvgx,y,z}
monovalent salt ions are included only as a screening back={X, 0,z(x)}. The second chain is located in the-d plane
ground leading to a Debye—ldkel electrostatic interaction and follows the curvéx,y,z}={x,d,—z(x)}. The total elec-

S e

FIG. 1. Schematic view of two chains connected by linkerg@glow linker
densities(the dilute regimg (b) high densities(the disordered “railway
track” structure; and(c) intermediate densitie@he crossover regime

of the form, trostatic interaction energy of the two chains is given by
lg & (= 2,172
V(r)=—e “ 1) EeI:E x(1+Z)
between charges on different chaifisn the above equation o 2 1€ Kfp
and in the following discussion all energies are expressed in X f_wdx’(lJer,) T (€

terms of the thermal enerdssT. The screening lengtk 1
is related to the salt concentratiag through x?=8lgc,,
the Bjerrum length g=e?/ekgT being the length scale on
which the interaction between two monovalent ions is equal
to the thermal energy—it is about 7 A for an aqueous solu-
tion (dielectric constant=80) at room temperature. The
important feature of this approach is that correlations be-
tween the multivalent counterions are taken into account

while those of the salt ions are neglected. We believe thathe bending modulus of the chain is given by T, where

this simplified pictures maintains the essential characteristiqsp is the persistence length; correlations in the direction of

of the system and allows us to obtain important insight rethe chain decay exponentia“y with a decay |eng;h The

garding the bundling process. approximate persistence length of DNA is 500 A in the
A schematic view of a multivalent ion forming a linker is double helix form*® Actin filaments are much more rigid and

presented in Fig. 1. It gains electrostatic energy if it is sharegheir persistence length is estimated to be between 2 and 18

by two Charged chains. A reliable estimate of this energy galr)Lm Genera”y Speakingl p depends on the monomer—

(denoted 2,) depends on many factors including the num-monomer interactions and these depend on the surrounding
ber of monovalent and multivalent ions in the solution, theenvironment. Intrachain repulsioné.g., Coulomb can

radii of the chains and the exact structure of the ionic layektiffen the chain and increaﬁg,”v“z while attractions can
surrounding the two chains. In the case of linker proteins thesoften” it, reducing |, and even leading to buckling
energy gain is due to specific interaction between the bindinghstabilities*®—** In the following we will neglect variations
sites of the protein and the long chains. It will be treated hergn I, and take it to be a fixed quantity.
as a phenomenological quantity. The distance between the
axes of the two chains at the linkage polioénter to center
is d=2r¢+b, wherer is the chain radius anld is the linker
diameter. Possible variations in the length of the link are  With the basic equations in hand, we are now equipped
neglected in this model. to examine how chain interactions lead to an effective inter-
The presence of a linker forces two negatively chargedaction between two linkers. We start by considering two link-
chains to remain within a small distance of one another. Duers connecting the two chains. In our model, the linkers are
to their strong electrostatic repulsion, the lowest energy conlocated at a distanck from each other and constrain each
figuration is obtained when the two chains are perpendiculachain at two points so thai( +/2)=0 [see Fig. 23)].

wherez,=dz/dx and
ra,=[x—x"12+d?+[z(x)+z(x")]?. (4

The bending energy of each chain is

I oo
Eoeni 2 | 0142 %%, ©

B. Interaction between two linkers

Downloaded 09 Jan 2009 to 165.123.69.26. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



J. Chem. Phys., Vol. 117, No. 1, 1 July 2002 Association of two semiflexible polyelectrolytes 465

[4Y]
]

£/k.T
=
TTTT | T T l{ | LI UL I TT

O I | I | I I | | I I
100

80
60
40

g

FIG. 2. (a) Typical conformation of two chains connected by two linkers at ;
x==x1/2. The chains are curved between the linkers and straighten out as 20 ¢
the distance between the chains increases beyond the electrostatic screening 0 T T T
length. (b) Typical conformation of two chains connected by many linkers 5 10 15 20
distributed at a fixed separatidrfrom each other. In both cases, one chain

is in they=0 plain while the other is in thg=d plane; they-axis being /C]

perpendicular to the page.
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FIG. 3. Interaction free enerdy(a) and crosslink anglé (b) as functions of
the reduced distancel between the two linkers. The curves correspond to
. ) ) N different values of the persistence lengjji10 A (dots |,=50 A (dashed
While the two linkers constrain the position of each curve, andl,=200 A (solid curve. The screening length is *=10 A,

chain at two points, the interchain electrostatic repulsion exthe effective Manning—Oosawa parameger 4, the interchain separation
erts a torque on the free ends that bends the central section $f 25 A, and the Bjerrum length, =7 A. The horizontal line ir(a) marks
the two chaingsee Fig. 2a)]. Far away from the linkers 1© eneray of two separate crossiinfks 2T

(|x|>1/2) the two chains straighten out. A simple trial func-

tion that will capture these two features can be ConStrUCteg/icinit of the link (6— 7/2) and the free energy is simpl
by matching a parabolic profile foix|<x* with straight y 9y Py

lines for [x|>x* twice the energy of a single linkf~2I"). As the linkers
' move closer together the chains start to bend and the free
h o2 < x* energy increases. This bending energy is responsible for the
2(x) = 5[1_( xI1)*] = ’ 6) repulsive barrier that can be observed in Fig. 3.
At large distanced> k"1, the electrostatic energy is
dominated by the crosslink energies,
wherex* is chosen as the point where the vertical distance

— Kk Y2—a(x—x*) x=x*

between the two chains exceeds . Namely, z(x*)= Ee=2Ising. (11)
— k~1/2 and consequently The bending energy can be approximated by taking a fixed
| radius of curvature between the two linkB=1 sin(6/2)/2.
X* = E,/;|_+ 1/kh. (7y  This yields
I
The slopea of the linear section is determined, by the con- Epend= 2|—p¢9$in( 0/2). (12

tinuity of the first derivative, to be
Minimizing with respect tod at a fixedl yields the following

a=— 2|_h 1+ 1/xh. (g)  implicit equation foré:
o . . _ 0 | cosé
The variational quantith characterizes the geometry of the sin( 6/2) + > cog0/2)—T T site" 0. (13
P

section between the two linkers, and is determined by mini-

mizing the free energy=Ecnqt E¢ from Egs.(3) and(5). Clearly, asI'l/l, increasesf must reachn/2. Indeed, the
The crosslink anglé can be determined fromm through  results presented in Fig. 3 show that in the repulsive regime
tan(6/2)=2hl1, ) 0— /2. The leading contribution to the free energy in this

regime is therefore
whereas theapparentangle 6* is defined as the angle be- fF(1)y=2T+al /1, (14)
tween the straight segments, P
tarn(6*12)=a (10) yvhereaz w/_fz isa numencal prefactor. The repulsive term _
' increases with the persistence length, as can also be seen in
and can be different from the local angle the figure.

Typical interaction profiles are shown in Fig. 3, where As the linkers move closer to each other the free energy
the free energy was minimized numerically with respect to increases until it reaches a maximum and then it decreases.
h. The dependence of on the interlinker distance is de- The latter results from the partial overlap of the two chain
picted as well. At large distances the two linkers are indejunctions. In fact, at distances shorter than the screening
pendent of each other—the chains are perpendicular in thength ! the electrostatic energy should decrease frdin 2
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FIG. 4. Schematic view of a multiple-linker junction with two inter-chain

linkers (a) and of two parallel sections with several linkers in betwésn 100 )
80 |
to I as the two crosslinks gradually merge. At these short > 60 |
distances P overestimates the electrostatic contribution. 40 il
The excess energy is due to the extra free ends of the two 20 B ,’ /// (b)

crosslinks. The interaction energy of these loose ends scales
asT and decays as @' since the dimensions of the loop
formed between the two linkers is of the order lof The
interaction free energy at short distances can be therefore
approximated by FIG. 5. Interaction free energies per crosslink(l)=f(I)-I' (a and
crossing anglé (b) as functions of the reduced distanelebetween the two
f(l)=I[2—e 1, (15 linkers. Note thatAf changes sign for=1, and thatd becomes nonzero at

. . I=1* (denoted by an arrow for the solid cujv&he curves correspond to
where we have neglected the bending energy term. This ayterent values of the chain persistence lengg 10 A (dots, 1,=50 A

proximate expression interpolates between a single crosslinkiashed curve andl,=200 A (solid curvé. The interchain separation is

at short distancepf(l—0)=I"] and two crosslinks at large d=25 A, the effective Manning—Oosawa parameger4, the screening
distanceg f (I —)=2T"]. lengthx *=10 A, and the Bjerrum lengthy=7 A.

O | ] i“ L1 1 1 | | | | -
5 10 15 20

il

(@]

C. A chain of interacting linkers

The trial function used above for two linkers does notN€ighbors and contributes a term equalltolt is therefore
allow the free ends of the chains to exchange places. In othatSéful to subtract this constant from the interaction free en-
words, we neglect the possibility of the configuration €'9Y and agd it later to the chemical poteptlal of the linkers.
sketched in Fig. &). As a result, the two junctions remain The .resultlng free energx&f(l)zf(l)—F IS plottgd as a
distinct from each other even at very short distances and thinction of the reduced interlinker separatiehin Fig. 5(a);
chains must bend in the presence of the two linkers. As théhe crosslink angl@(l) is plotted in Fig. $b).
number of linkers at a junction increases, we expect the pre- At large separations the crosslink angle approaches 90°
ferred crossing angle at the junction to decrease, and to eveANd the same approximation as before applies

tuaII_y approe}ch zer® In that limit, the junction becomes a f(=T+al,/l |-, 17)
straight section where the two chains are parallel and con-
nected by many linkergsee Fig. 4b)], and it can be viewed At short distances one crosslink is eliminated and the

as a linear sequence of closely-spaced junctions. This is linkers gain energy by accumulating close to each other. In
many-linker effect. Instead of including many-linker interac-the limit | -0 the energy gain is equal te I" per linker
tions explicitly, we include them by extracting an effective (indicated by an arrow on the figyreFurthermore, for rela-
pair interaction from a configuration that captures the estively stiff chains, wherd ;> k1 (as is the case in Fig.)5
sence of the many-linker effect. Specifically, we study anthe electrostatic interaction is not strong enough to bend the
infinite crystal of linkers equally spaced at a distahcas  chains at short distances and the chains remain straight be-
shown in Fig. 2b), and identify the resulting free energy per low a certain threshold distan¢&. Indeed, as demonstrated

linker as the effective pair potential. in Fig. 5b), the crossing angl® vanishes forl<I1*. The
We choose a periodic trial function for the chain con-crossover distanckE’ can be estimated by considering small
figurations of the form, modulations in thez direction Az=h cos@z/l) where h
<d. The effect of these modulations is to locally increase
Z(X)=ECOS(77X/|), (16  the interchain distance, thus reducing the electrostatic en-
2 ergy,
whereh is a variational amplitude. The crosslink anglés 2£2h2
now given by tang/2)=wh/2l. It should be emphasized that AEg(l)=~— N, Ki(xd), (18

although the exact shape of the trial function effects the nu-

merical values it should not have a qualitative effect on thayhereK is the first order modified Bessel function. At the

results. crossover the gain in the electrostatic energy exactly bal-
In Fig. 5 the free energy per linker is calculated by mini- gnces the bending energy,

mizing the sum of the electrostatic eneidyg. (3)] and the o
bending energyEg. (5)] with respect to the displacememt AEpendl)= 7y (19
At large separations each crosslink is independent of its ben 213
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tween the chain section on one side of a linker and the chain
section on the other side. At large linker separatiops
>k~ ! the crossing angle saturates to 90° and the two con-
secutive sections are decoupled from each other. In this re-
gime, the interaction between linkers is indeed equal to the
result calculated from the periodic case. At small linker sepa-
rations, the approximation is again justified because the
é:hains are straightthe crossing angle is 0°1t is only for
intermediate crossing angles that the decoupling assumption
no longer holds. However, as shown in Figbp the cross-
Yng angle crosses over from 0° to 90° over a very narrow
range of inter-linker separations, so the intermediate regime
is small.

The second term in Eq23) is the chain configurational
entropy associated with the loop that is formed by the two
chain sections connecting the two linkers. It gives rise to a

i - : logarithmic term of the forn{>4748
where K, is the zero order modified Bessel function. The

linear dependence dnarises simply because the same elec- Froop( 1) =C IN[1/1,],
trostatic energy is divided between more linkers. Deviation
from linear behavior enters as soonlasl* and the chains \yhere the exact value af depends on the statistics of the
begin to deform. As the bending modulus increagaeger  chains. For ideal chains=3/2, while for a self-avoiding
persistence lengthit becomes more difficult to bend the \yaik c=7/4.47 If excluded volume interactions between each
chains and the linkers need to be further away from eaclhop and different parts of the chain are taken into account
other before the chains start to bend. the coefficient becomes=2.1® For semiflexible chains
At | =1, the interaction free energy equals its asymptoticipese values apply only at large separatiasl,. Whenl,
valuef(lo)=f(I—e)=T. In the limitd= "=, is comparable td, the value ofc is modified®*3* How-
lo=(2mdx ™~ 1)12, (220 ever, in this regime the contribution of the bending rigidity

For the parameters of Fig. 5 the above equation gides far exceeds the entropy of the loops. We can therefore

Thus, the chains will bend as soon/&E g+ AE.,qbecomes
negative, which occurs for
[=1*

. ( gl pd?
%)

£°Kq(xd)
Using Eq.(20) for the data of Fig. 5 yieldsI* =3.1 (for
1,=10 A), kI*=4.6 (for 1,=50 A), and «I*=6.5 (for I,
=200 A). These estimates agree reasonably well with th
results presented in the figure.

When the chains are straight, the interaction free energ
per linker equals the length of the segméntjmes the elec-
trostatic interaction energgper unit length of two infinite
parallel cylinders,

282K o(kd)
lgrrKq(krs)

T 1/4

(20

=~ [—-0.

r
T (21
lo

(24)

~4 in agreement with the results of the variational Calcula_neglect the deviations from the large distance behavior and
tion.

. . . . <
As discussed in the next section, the attraction at shorltJ

distancegin both regimescan lead to accumulation of link-

ers between the two chains. The rate of this accumulation

depends on the height of the repulsive barrier which is pro
portional tol ,/I* and thus scales d3'“.

I1l. THE ONE-DIMENSIONAL LINKER FLUID
A. Introduction

We proceed now to the full statistical mechanics of the
many-linker system, including fluctuations in the interlinker
separations. We use the interaction free energy calculated
the previous section as a contribution to the two beeffec-
tive) interaction energy between linkers. The full effective
pair interaction contains three terms,

U(Ij):Af(lj)+floop(lj)+vdirecl(|j)v (23

wherel; denotes the separation between linkeand linker
j+1. Below, we discuss each of the terms in turn.

The first term in Eq.(23) is the indirect linker—linker
interaction mediated by the two chains, calculated in the pre

vious section. Note that we have subtracted the constant

f(0)=T" but will include it in the chemical potential. The
interaction free energyf(l;) was calculated in the preced-

assume that=3/2 as long ad;=I, and thatc=0 when

Iy

'Fhe loop entropy has important consequences in theoret-
ical models of DNA denaturatiotf:*’ 8|t turns out that due

to the long-ranged nature of the logarithm term, the coeffi-
cient can change the nature of the DNA melting transition
from second ordefwhen 1<c<2) to first order(whenc
>2). We expect excluded volume interactions to have a
similar effect in our case as well. Namely, the rounded tran-
sition that is discussed below could turn into a first order
phase transition if excluded volume interactions are fully ac-
counted for.

in The termu giec(l;) takes into account the bare linker—
||nker interactions. The main contributions to this term are
the short range hard core interaction,

0 |j$b
vuc(lj) = 0 I,>b (25
and the screened Coulomb repulsion,
. Zlg
Uzz(lj):_e o (26)

lj

The final approximation that we make is to treat the

ing section for a perfectly periodic profile. Nevertheless, weeffective interaction, Eq(23), at the nearest-neighbor level.
use it here as an approximation for the nearest neighbor ireach of the three terms contains further neighbor contribu-
teraction in a disordered fluidlike structure. The error intro-tions, but as we will argue below, these contributions will not

duced by this approximation depends on the coupling bee
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not exist when the crossing angle is Ghort separationor o )\—ex
90° (large separations As explained above, neighboring 0 aT oaT
sections separated by a junction are decoupled in these two :Zgz?fl, (27)
limits. In the intermediate regime, there are further neighbor

interactions, but because they are at intermediate separations, _ (= dlg |y 1

they are not long-ranged and therefore do not affect phase Zo= fo )\—Texp(— Plo)= AP’ (28)
behavior. We note in passing that although the first term con-
tains a 1V repulsive tail, it cannot lead to crystallization for a
similar reason: wheh is large and the linkers are far apart,
the crossing angle is 90° and the interactions do not extend

beyond the nearest neighbor. Thus, the first term cannot sté{\fhe.re)\T IS ahmlirosc_op(;c length ?c;ale ;nd (?Angmatesffrom
bilize the one-dimensional crystal of linkers againsttraCIng over the kinetic degrees of freedom. An extra factor

fluctuation<®® of N7 is included in order to keegy dimensionless.

In the second term, next-nearest-neighbor interactions The Gibbs potential is now given by
can arise when loops interact with each other because of G(N,P,T)=—InZy=—(N—-1)InZ;—2InZ,, (30
excluded volume interactions between chains. To our knowl- . .
edge, this effect has not been taken into account even withi‘ﬁmd size of the system is
sophisticated treatments of the DNA denaturation probfem, 1 9Zy dG
and we do not attempt to include it here. L(N,P,T)=~ Zy 0P oP" (32)
Finally, the third term includes direct interactions such as

the Coulomb interaction. We take the Coulomb interaction! & One-dimensional pressufehas dimensions of force. It

into account only at the nearest-neighbor level. We note thaa" Pe interpreted as the thermal average of the force acting
the presence of the two oppositely charged chains provides! €ach linker from both sides. If the system were to be
neutralizing background to the charged linkers, so the systefP"fined to a long narrow tube of length P would also be

is a one-component plasma in one dimension interacting vi'€ force acting on the two caps at the far ends of the tube.
three-dimensional screened Coulomb interactions. Because Additional thermodynamic information can be extracted

the interactions are screened, they cannot stabilize the on§OM the partition function and the Gibbs potential. For ex-

dimensional crystal against fluctuations. Thus higher—ample' the chemical potential of the linkers can be calculated

neighbor interactions cannot change the phase behavior 6f

In the first term, next-nearest-neighbor interactions do =dl, = dly p(
ZN:f .

N N
-2 v()—-PX ||
j=0 j=0

= dl
lefo)\—Texp(—v(l)—Pl), (29)

the system and can therefore be neglected. G 1 2 N—oo
:N:_ 1—N)In21—NInZO—>—In21, (32
B. Statistical mechanics of a one-dimensional and the average interlinker distance is given by
linker fluid B 1 (=d
We proceed now to extract the thermodynamic proper- |=(I)= Z: fo )\—T| exp(—v(l)—Pl) (33

ties of a linker fluid from the effective interlinker interaction
v(l;). The number of linkers idl and they are restricted to a from which the linker density= 1/l can be easily extracted.
section of lengtiL between the two chains. The natural mi- Another important parameter is the mean-square fluctuation
croscopic degrees of freedom are the linker positipg$, in the interlinker distance,
where 0<x;<Xp,<--- <xXy<L. —
If only nearest neighbor interactions are considered, it is AlP=(12)—1?
convenient to express the partition function of the system in 1 (dl o
terms of the interlinker distancés=Xx;,,—X;. Two virtual = )\—I2 exp(—v()—Ph—12. (34
particles can be added & and xy.; that do not interact 1J0 AT
with the linkers so thab (Ig) =v(ly)=0. In the canonical |n the thermodynamic limitN—o, the compressibility is
ensemble wheré&l andL are fixed, the set of variablgs;} directly related taAl? via
satisfies the constrainty+I,+1,+---+Iy=L. The inte-
grals over thd;’s can be decoupled from each other in the P 1 ﬁz A_|2 (35)
Gibbs ensemble where the one-dimensional pred3usehe T LoP T
natural variable instead &f.*° The pressure is equivalent to
a Lagrange multiplier ensuring that the volurtength con-  Finally, one can also calculate the probability densigl) of
straint is satisfied onlypn the averageand the size of the two linkers being at a distande
system is equal td in the thermodynamic limilN, L—o. 1 1
In this limit, the choice of the ensemble for the calculationis  p(l)= 7 )\—e*”(')*"'. (36)
a matter of convenience as each of the thermodynamic po- AT
tentials can be transformed to any of the other potentials by In principle, Eq.(31) can be inverted to give the pressure
means of a Legendre transform. P as function of the chain length. Due to extensivity in the
In the Gibbs ensemble the partition function is thermodynamic limitP can only be a function of the linker
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densityp=N/L. Via Legendre transformation it is then pos- typical example is presented in Fig. 6, where we have used
sible to return to the canonical ensemble and calculate ththe same values for the physical quantities as in Figoisg
free energy of the system for a fixed number of particles andlashed curveand in addition we have chosén=1 A and

a fixed chain length, Ar=1A. The different sets of curves correspond to different
F(N,.L,T)=G—PL linker valencies. The solid curves correspond to neutral link-
o ' (37 ers with only hard core interactiong=0), while the short

F (long) dashed curves correspond to counterion valency
f(p,T)EEZP,LL—P- =2 (z=3).

) o i . In Fig. 6@a), the free energy densitf(p) is plotted as a
This ensemble reflects the situation encountered in experk,nction of the linker density. The linker densipyis a natu-

ments that are performed at high enough chain concentray) \ariable when the number of linkers is fixed. Physically,
tions so that all condensing agents are in the close vicinity of, -, 4 sjtyation occurs at high chain densities when there are
the chains. The number of linkers is basically determined b¥10t enough condensing agents in the solution. As long as the

the ratio between the number of condensing agents and tl'fF'ee energy can be lowered by forming additional links, any

nume_er.Iof Ichalns n SOIIUI'On'I late th q ical condensing agents that are present in the solution will form
imilarly, oné can aiso caiculate the grand canonical POyt rchain links. This process will stop as soon as the mini-

tential for a fixed chemical potential and fixed chain Iength,mum in the free energy is reached. As demonstrated in Fig.

Q(u,L, T)=F—uN=—-PL, 6(a), the position of this minimum depends on the nature of

(38)  the interlinker interactions. Neutral linkers saturate at the
close packing densitgp=1/b while charged linkers saturate
at much lower densities.

This ensemble corresponds to experiments performed at low Note that the free energy is concave With_no singularity,
chain concentrations where the number of condensing agenk§- the model system does not undergo a first order phase
in the surrounding solution is not affected by the presence offansition. The absence of such a transition is a consequence

the chains. The linkers can then be considered to be in eunf the fact that only nearest-neighbor interactions are taken
librium with a reservoir of fixed concentration. into account. Yet, even though the system does not undergo a

Finally, we recall that in our definition of the interaction true phase transition in the thermodynamic sense, the cross-

potential v(I) we have omitted two terms that should be OVver can be quite sharp. In Fig(kB the linker densityp is

recovered in the chemical potential. The total chemical poPlotted as a function of the chemical potential Whenz
tential should therefore read =0, a sharp jump in the density occurs close to the point

whereu=<—T', wherel'=11.8 for the parameters of Fig. 6.
Pio=p— 280+ T, (39 Below this point the linkers are dispersed far from each other
where %, is the linker adsorption energy between the twoand the chains form large loops in between. Above this point
chains and” is the electrostatic energy associated with a newthe linkers are much closer to each other and the chains are
crosslink. If the linkers are in contact with a reserviulk)  almost parallel to each other, resembling a railway track.
of linkers at a fixed concentratior) the total chemical po- This sharp jump appears as an almost linear section in the
tential must equal that of the bulk, free energyfFig. 6(a)] in the range G p=<0.2.

e =Inend 40 The increase in the density is accompanied by large fluc-
o= Hp=INCIAT, (40 tyations in the interlinker separatiakl as depicted in Fig.
where\+ is the thermal wave length of the linkers in solu- 6(c). These large fluctuations are due to the coexistence of
tion. The grand canonical potential(«) is uneffected by small and large interlinker separations at the crossover, simi-
our definition of the chemical potential, while the total ca- lar to those present in the vicinity of a first order transition.
nonical free energy becomes Note that we have neglected excluded volume interactions

_ between different parts of the chain that contribute to a long-
fl(P)=T(p) (I~ 280)p. (1) range interaction between different parts of the chain. It has
An exact estimate of, has to take into account the structure been shown recent! in the context of DNA denaturation
of the counterion layer between the two chains and, in parthat this effect leads to a first order transition.
ticular, the competitive adsorption of monovalent and multi-  In Fig. 6(d) the grand canonical potential(u) is plot-
valent counterion$?*°A rough estimate based on the inter- ted as a function of the chemical potential. The choice of this
action of polyvalent counterions with an isolated charged roensemble is appropriate at low chain concentrations and
in a salt-free solution givesy=2z¢. In order to limit the  when the number of linkers in the solution is large enough
number of assumptions made, we will present our results iffor it to be considered a reservoir of linkers with fixed
terms ofu andf instead oOfuyor and fi. chemical potential. As the system enters the high density
regime the grand canonical potential decreases and as a re-
sult pairs of chains become more favorable with respect to
unpaired chains. The correspondence between the “railway
The interaction potentials obtained using the variationatrack” phase and chain pairing is important since the forma-
method(see Fig. % can be used as a starting point for cal- tion of chain pairs marks the onset of bundling.
culating the thermodynamic properties of the linker fluid. A If the linkers are charged, the strong interlinker Coulomb

Q
o(p)=r=-P.

C. Numerical results
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FIG. 6. Thermodynamic potentials calculated numericdlyfree energy density(p) as a function of the linker densify (b) linker densityp as a function

of the chemical potentiak; (c) the fluctuations in the interlinker separatiaf/l as a function op and u (insed; (d) grand canonical potential densiiy( )
as a function of the chemical potentjal The different curves correspond to different values of the linker valene® (uncharged linkers, solid curye=2
(short dashes andz=3 (long dashes The values of the physical quantities used in the calculatiordarg5 A, £¢=4, k =10 A, Ig=7A, 1,=50 A,
b=1A, andr;=1A.

repulsion shifts the crossover point to higher chemical potennonical potential is much less negative when compared to

tials and it becomes more difficult to push the linkers into theneutral linkerg Fig. 6(d)].

dense phase. As can be seen in Figp) 8he increase in the As we have seen previously, simple expressions can be

linker density is much more moderate and consists of twalerived that characterize the interlinker interaction in several

additional jumps at high values @f. Note, however, that the limiting cases. We use these approximations, described in

initial crossover point is only slightly affected by the Cou- detail in the Appendix, to calculate the free energy of the

lomb repulsions and that the dominant changes happesystem in the different regimes, and compare these results

above this point. Following the first jump, the density in- there to the numerical results reported above.

creases more or less linearly with the chemical potential. The

average slope in this regime is approximatelyz#/g as pre- . .

dicted by simple analytical approximations presented in theD' Chain pairing

Appendix. In two regions, 0.5 Al<=p=<0.65 A%, and Until now we have studied the distribution of linkers

0.65 A"l<p=<1 A1, the slope becomes steeper and a relabetween the two chains assuming tlla¢ two chains are

tive increase in the fluctuation$ig. 6(c)] can be also ob- paired, i.e., held togethein fact, the chains will only stay

served. These are typical signatures of a structural changsose to each other if the free energy of the two-chain com-

which might be related to the hard-core interlinker repulsionplex is lower than that of two isolated chains. We now com-

since it is almost independent of the linker valency. pare the two possibilities—isolated chains versus chain
In the canonical ensemble the minimum of the free en-complexation—and seek the point where pairing occurs.

ergy is no longer at close packing but at a much lower linker  The free energy of the two chain complex was presented

density[Fig. 6(@)]. The optimal density decreases with in- previously while the free energy of the single chains can be

creased linker charge due to the enhancement of the direestimated as follows: the chains adsorb multivalent counteri-

linker—linker Coulomb repulsion. Similarly, the grand ca- ons and the interaction between these adsorbed counterions
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FIG. 7. Comparison of the free energy and grand canonical potential of a linkers fluid between paired sdiginsurveg and multivalent counterions
adsorbing to isolated chairidotted curves The free energy per unit lengB/L is plotted as a function of the density in the paired stgte N/L in (a), (b),

and(c). In (d), (e), and(f) the grand canonical potential per unit lengiL is plotted on a logarithmic scale as a function of the chemical potential of the

free linkers. The same values of the physical quantities as in Fig. 6 are used here. The hard core diameter and multivalent counterion vélencies are
=1A, z=0in (a) and(d); b=0, z=2 in (b) and(c); b=0, z=3 in (e) and(f). The valuez=3 was used for calculating, in (a) and(d).

consists only of the direct patte(l) of the interlinker V. MOLECULAR DYNAMICS SIMULATIONS
potentiaI[Eq. (23)]. Thg total Igngth of the systgm iSnoiL2 A |ntroduction
and if the number of linkers is fixed the density of adsorbed )
counterions will be half the linker density in the paired state " Order to explore further our numerical model, we have
p1=p,/2. Note that in the paired state, we have neg|ecte§)erformed molecular dynamics simulations of an overall
the contribution of adsorbed counterions that do not formN€utral system consisting of two charged semiflexible chains
links between the two chains. and a mixture of monovalentz€ 1) and trivalent £=3)

The same analytic approximations as discussed in thgounterions with no co-iontsee Fig. 8 _
Appendix in detail can be applied here and yield the follow- ~ Each chain consists of 64 charged monomers carrying

ing thermodynamic properties. In the presence of hard-cor@"€ unit charge per monomer. All particles in the system
interactions (monomers and free ions as wealépel each other through a

repulsive Lennard-JondgJ) potential,

zln( + — &0, 42 4 | =] +2| r=sr.=2Y%4
K 1-p;b) 1-pb 7° “2 Uy(r)= Ul r 4 ¢ ,
0 r>rg
F A1p1 (45
Z:pl |n(1_—b)_1}, (43)
P1 whereg |y ando are the LJ energy and length scales, respec-

tively. The chain bond potential is the standard finite exten-

Q p1 " sible nonlinear elasti¢FENE) potential,

2L 1-p,p PPO

Urene(r) =~ 3kor §In[1-r?/r§] (46)

Similarly, Eqs.(A21), (A22) can be generalized in a straight- with a spring constark,=7¢,;/0 and maximal extension
forward way. ro=2c. The simulations are performed at a fixed tempera-
In Fig. 7 the free energy and grand canonical potential irture kgT=1.2¢;, where the average bond size {s)
the paired state are compared with the reference state of ise=1.1o. Chain rigidity is introduced by the sum of angle

lated chains. For comparison, the thermodynamic potentialdependent harmonic potentials,
and the number of particles are divided by the same length ,
scaleL. The chemical potentials are calculated using a crude Ubend 0) =k (6— )", (47)

approximate adsorption energy=2z¢. The data from Fig. 41 9 is the angle between neighboring bonds dqd

6 were used for the paired system. _ _ =20g/racf, which corresponds in our simulations to an
As can be seen in the figure, the point where the pairegqinsic persistence length,= 180 Finally, the Coulomb

sfcate be_comes favorable to the unp_alred_state almost COikkiaraction between pairs of charged particles of valency
cides with the crossover from the dilute linker fluid to the 2, is given by
]

dense fluid. We conclude that pairing occurs whegNA
=—2¢g. Ucouomi ")/ KeT=2zlg/r, (48)
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(@) N_.=13, f _,=30%

(d) N_,=25, f_,=59% (&) N_,=32, f_=T75%

FIG. 8. Typical snapshots of the molecular dynamics simulations at different composi@prnsolated chains alN,_;=13; (b) partial chain overlap at
N,_3=18; (c) metastable “fork” structure al,_;=19; (d) fully zippered structure al,_;=25; and(e) saturated structure &t,_;=32. The black spheres
are trivalent counterions, the white spheres are monovalent ones, and the gray spheres are the monomers. The figure was prepareéfusing VMD.

and is calculated with periodic boundary conditions using theB. Results
particle—particle particle-mestPPPN) algorithn?® with a
mesh consisting of f6points. The Bjerrum length i$g
=3.20 and the Manning—Oosawa parameter characterizin
the linear charge density along the chainséis|g/(r)

The main aim of the simulations was to probe the stabil-
ity of two-chain complexes at different counterion mixtures.
grhe initial configurations consisted of two chains next to
=2.9. The simulations were performed in a cubic cell ofeaCh other and the counteriofimonovalent and trivalent
dimensions (108)2. _closely near by. Since the total numbe_r of charged monomers

is 128 the number of trivalent counterions can vary between

The dynamics of the system are performed with a i e
Langevin thermostaf Namely, my=—myv+f®+fM 0 and 42. When the two chains are initially separated from

wherev is the velocity of a particléchain monomers as well €ach other they do not form a two-chain complex even at
as monovalent and trivalent ionsn its mass(identical for ~ counterion mixtures where the complex appears to be stable.
all particles, andf(Y) the total force acting on it as a result of This can be attributed to a high kinetic barrier for aggrega-
the potentials described above. The randdherma) force  tion similar to the one suggested for the bundling of rigid
M satisfies(fM)=0 and<fi(T)fJ(T)>:6mkaT5ij /At at dis- rods®* Due to this limitation we can only interpret our re-
crete time steps,=nAt; yis the friction coefficient of the sults in terms of the stability of the two-chain complex and
particles in the solution. The system is advanced in timeve can not determine whether the complex is indeed the
steps At=0.015r; with 7 ;=0m/e_; being the basic global minimum of the system or just a local one.
Lennard-Jones time unit, while the damping constant is taken  Another limitation of the simulation resides in the choice
asy=1/r.;. of the simulation box size, which corresponds to the concen-
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FIG. 9. The length of the segment shared by the two chigirta) and the
density of trivalent counteriong, in this segmentb) as functions of the
total number of trivalent counterions in the systéljL ;. See text for dis-
cussion of the four different regimes.

FIG. 10. Trivalent ion correlation functiogs.5(r) for N,_3;=25.

. L ) ] ) as functions of the total number of trivalent counterions in
tration of chains in solution. The results of the simulation doype system. The length of the shared sectipis calculated
depend on the box size since translational entropy of they st ientifying the left and right neighbors of each shared
chains depends logarithmically on the box size. In fact, afyytivalent counterion, and then summing up the interlinker
very low concentrationslarge box sizg the low osmotic  genarations. The density is simply the inverse of the average
pressure of the chains will pull them apart. On the other hanerlinker separation. First, note that the structure of the

at large concentrations many chain effects become importantared segment confirms that the trivalent counterions can be

We have chosen an intermediate box size for which bothjie\ed as interchain linkers connecting the two chains. In

these effects are minimal. Our choice is somewhat arbitrarye shared segment the two chains are as close to each other

and affects the results presented here quantitatively but ngfs they can be while accommodating trivalent counterions

qualitatively. _ _ ~_ (“linkers”) in between. Although some monovalent counte-
Typical snapshots from the simulations are shown in Figyions are in close proximity to the two chains they only

8, while a quantitative analysis is presented in Fig. 9. Therarely squeeze in between the two chains.

fraction of chain chargé€l28) neutralized by trivalent coun- Second, it is clear from Fig. 9 that in this regime the
terions is given in each case by density of interchain linkers remains more or less constant
3N,_; 3N,_3 even as the total number of multivalent counterions is in-
f,-3= = : (490 creased. Furthermore, the trivalent—trivalent correlation
3N, ;+N,_; 128

function g;.5(r) defined as
Four different regimes can be distinguished depending

on the number of trivalent counterions in the system. At low
trivalent counterion number$,_;<<N* =14, the chains do 9a:3(1) = WE (alr=[ri—rilD
. . . . z=317]

not remain together, and are basically isoldteee Fig. &)].
In this first regime(l) less than one third of the monomer does not change drastically as the total number of trivalent
charges are balanced by the trivalent counteridps = f* counterions varies. A typical correlation functiqeorre-
=33%). sponding toN,_;=25) is plotted in Fig. 10. The principal

At intermediate trivalent counterion numberkl* features are the main peak around2.5¢0- and the secondary
=N, _3=N** =24 (f*<f,_;<f** =60%) the chains start peak around =4.5¢0. The presence of these two peaks is a
to form a paired compleksee Fig. 8)]. Pairing is partial  signature of short range liquidlike ordering of the trivalent
with the two chains being shifted with respect to each othecounterions in between the two chains.
(regime I). We note that some meta-stable structures such as Constant linker density with increasing number of link-
the “fork” shown in Fig. 8b) appear occasionally during the ers in the system is a typical signature of phase coexistence.
simulation. Such a structure is less favorable energetically alm our case the two phases di¢ trivalent counterions ad-
compared to the “shifted” structurisee, e.g., Fig.®)], due  sorbing at densityp; onto unpaired chain sections of total
to the electrostatic energy associated with the branchinggength 2, and(ii) trivalent counterions serving as linkers at
point. densityp, in the shared chain section of lendth At coex-

In Fig. 9 the length of the shared segméptand the istence, both phases must share the same chemical potential
densityp, of trivalent counterions in this segment are plottedand osmotic pressure,

(50
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11(py) = ta(pa), (51) V. DISCUSSION AND CONCLUSIONS

A. Summary of pairing phenomena

2P1(p1)=Palp2). (52 In this paper we have studied the association of two

) ] ) ] charged semiflexible chains due to the presence of multiva-
'I_'he s*olutlgn of_ these two equ_atlons gives the optlma_ll densirant counterions or proteins serving as interchain linkers. Our
ties p7 , p; which must remain constant in the coexistencemain results can be summarized as follows.

regime. The number of trivalent counterion in each of the  Fjrst we have studied the effective interlinker interac-

phasesN;, N, as well as the lengths the unpaired sections;o gue to the presence of the chains. We find that the com-
(11) and the shared section,f can be extracted from the pination of chain rigidity and interchain electrostatic repul-

following set of equations: sion leads to an effective potential that is repulsive at large
interlinker separations and attractive at short separations.

p1 =Nai/ly, (53 We then used this potential together with the direct in-
terlinker interaction(namely, the short-range hard-core re-
pE=N,/l,, (54)  pulsion and/or the screened Coulomb interagtitm study

the behavior of dquas) one-dimensional linker fluid located
in between the two chains. We find three different regimes
depending on the density of linkers between the two chains;
at low densities the linkers are in a dilute phase where iso-
lor=11+12. (56)  lated linkers are connected by large loops formed by the
chains[see Fig. 18)]. At intermediate densities the linkers
The solution yields a linear dependence of the shared lengtlorm clusters that are, again, connected by large 196
on the number of polyvalent counteriofthe “lever rule”), 1(c)]. Finally, at high densities the linkers are in a dense
phase, resembling a “disordered railway tradlEig. 1(b)],
N,—3— 2|0} where the chains are basically straight. We find that the
2=W- (57 crossover from the dilute regime to the dense one occurs
2 ! over a narrow range of linker chemical potentials and is

A b in Fig.(®, 1, is indeed a i funct ¢ reminiscent of a first order phase transition. Note that this
S can be seen In Fg.a), 12 1S Indeed a finear TUNClon ot 4o qiion is similar to the isotropic-nematic transition of

Nz-3 in regime II. The dashed line is drawn using the "ibovesemiflexible chaing? where the chains become aligned at

; ; ; ; e -1
iqslgt;orl 1W|th dtre jg':)ol/]v(rlng estimateg] =0.07% %, p5 high concentrations. The driving force, however, is different;
=U.olo 7, anllg= /0.5 in the latter case it is the gain in translational entropy that

Itis mtgrestmg to compare this reglme_wnh the resglfts Ofinduces the transition, whereas here the transition is induced
t_he theoretical model where we had .tWO d|_fferent tr_an3|t|on5'by the interplay between the linker binding energy and the
('.) the crassover of the ong_—d|men5|0_nal Imker fluid _fr_om arepul.’sive electrostatic energy between chains.
dilute to a densg phase, a(m)_the chain pairing t_ranS|t|0!1. Next, by comparing the free energy of the two-chain
qu to comput_anonal constrgmts we are limited in the SImu'complex with the free energy of isolated chains we show that
lations to relatively short chains. As a result, we cannot ob-

. chain pairing cannot occur in the dilute regime but only in
serve the large loops that should accompany the transition, o intermediate and dense regimes. In these regimes, the
from the dilute linker fluid to the dense phase since the th !

Qggregation of linkers allows them to hold the two chains
loops are expected to be longer than the chains themselv Jareg

Th ired " b din the simulati h e[%)‘gether against the Coulombic interchain repulsion. The re-
€ unpaired sections observed in the simufation are theres, s of the model compare favorably with molecular dynam-
fore reminiscent of two different features of the theoretical.

del- (i) the | | h teristic of the int diat ics simulations of two charged chains in a mixture of
modet. (i) the arge loops charactenstic of the intermediate, , ,,\ ajent and multivalent counterions at varying composi-
linker phase; andii) unpaired chains coexisting with paired

) o _ tions. Here again, we find that chain pairing can only occur if
chains at the pairing point.

The coexistence regime ends arodg ;=N** when the number of finkers is high enough.
about 60% of the monomer charges are balanced by trivalerét
counterions. At this point the two chains are almost fully
paired and the unpaired sections disapgéag. 8(c) and The aggregation of DNARef. 4 and F-actin(Ref. 7)
regime Il in Fig. 9; any addition of trivalent counterion is has been studied experimentally as a function of added mul-
accompanied by an increase in the linker density. Finallytivalent counterions. While the length of DNA molecules
whenN,_;=N*** =32 (75% charge neutralizatiprthe in-  (ranging from microns up to millimetersan be orders of
terlinker Coulomb repulsion makes it unfavorable to furthermagnitude larger than its persistence len@h nm), actin
squeeze trivalent counterions between the two chains and thigaments are typically shorter than their persistence length
extra counterions are excluded from the region between théstimated to be a few micronsThus, on the length scale of
two chains. In this regime the linker density saturates to itsnicrons DNA can be considered to flexible while F-actin is
maximal value and does not increase further. The extra courbasically rigid. Despite this important difference striking
terions do not diffuse far away from the chains but remain insimilarities were found in the experiments between these two
the close vicinity of the two chain complex. systems.

N,_3=2N;+N,, (55

Comparison with bundling experiments
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o (a) b —cl0_ 2,
log ¢, | redissolution _ log ¢, 1 redissolution ©) C;=C; —2C5/(°+1), (58)
b C:redlss) ¢ (rediss)
recipitation recipitation . L i
precipt e preciptat g wherec?) is the limiting value ofc{"®®* at low salt concen-
- e T tration.
" soluble soluble The effect of monovalent salt on the bundling process is
| | twofold. First, the monovalent counterions adsorb on the
el ¢®  Cpal log ¢, charged chains, thus competing with the multivalent

pol pol

ones**5%As a result, multivalent counterions that could have
become linkers are pushed into the solution. Note that since
local counterion concentrations depend exponentially on
their valency, the bulk concentration of monovalent salt has
The main findings can be summarized as follosee to be considerably larger than the concentration of multiva-
Fig. 11: In the absence of multivalent ions the chains dis-'ent counterions before the effect becomes noticeable. Sec-

solve in solution. Addition of multivalent ions induces inter- ©Nd, salt enhances screening, thus leading to a decrease in

chain attraction and leads to precipitation of the chains fronhe adsorption energy, as well as in the electrostatic energy
solution, provided that the concentration of multivalent scalel’. The combined effect is that there is an increase in

counterions is high enougt,> Cgpfecip)_ At low chain con- the critical concentration of multivalent counterions needed
centrationscpo<cly) the threshold concentratiorf”*” is  to induce precipitatioft.” Experiments indicate that(?"*")
independent of the concentration of polymer in the solutionand cs might be related through a power law whose value
At higher chain concentratiort%tk Cpol< cé%), the threshold depends on the physical properties of the chain and of the
concentratiorc{P"*“P) depends linearly on the concentration multivalent counterior.
of polymer in the solution. It should be noted that similar behavior was observed for
In dilute polymer solutions the number of multivalent flexible charged polymers as wéfl The polymer was poly-
counterions in solution is not effected by the presence ofstyrene sulfonate(PSS whose persistence length is of the
chains. The solution can be therefore viewed as a reservoir @frder of few angstroms. A theoretical model describing the
counterions with a fixed chemical potential and be treategyrecipitation of PSS from solution in the presence of multi-
within the grand canonical ensembléPrecipitation occurs valent counterions was suggested by Olvera de la Cruz
when this chemical potential reaches a critical value, similagt al!2 The model attributes the attraction between polymer
to the mechanism of chain pairing discussed earlier. In morgegments to fluctuations in the density of condensed multi-
concentrated polymer solutions all multivalent counterions,glent counterions. More specifically, since the valency of
are attracted to the chains and the number of adsorbed coufke counterions is larger than the valency of the monomers
ter!ons per chain is determined S|mpl_y by the stoichiometrigpqo apparent charge density of the polymer chain together
ratio between the number of counterions and the number Qfi its surrounding condensed counterions will be highly
che_uns in solution. _Such a situation is most_ naturally de'nonhomogeneous. Thus, monomers that are accompanied by
scribed by thecanonical ensembldn analogy with the pair- a multivalent counterion carry an apparent charge that is op-

Ir?l?mrt;]eercg?gzrgc;rt?éicgharﬁ?iorr]1cs),w (Srcﬁl;];sinafezas:hoens ZS ﬁ;h r%fsite in sign to their bare charge and they are attracted to
I : ) P ecip) onomers that are not accompanied by one. The competition
critical value leading to a linear dependencec(;ﬁ’ on

between this attraction and the bare electrostatic repulsion
é/ields stability diagrams that are in reasonable agreement
HNith PSS solubility experiments.

A different attempt to explain the solubility diagrams of
more rigid chains has been suggested recently by Solis and

transition can be attributed to screening of electrostatic inter®!Vera de la Cruz’They use a two state model consisting of
actions by multivalent counteriofi&In our pairing model’ & collapsed state, assumed to be an ionic glass, and an ex-
is the basic energy scale which determines how favorable th¢nded state, where the chains are assumed to be straight.
paired state is with respect to the unpaired state. Slhce One of their main results is that redissolution occurs when
depends exponentially orit decreases sharply at high val- the electrostatic screening length in the collapsed state de-
ues ofc,; this is consistent with the fact tha,gediss) de- creases below the monomer size. In an alternative mbdel
creases with increased salt concentrafiéfror an aqueous the main mechanism driving the redissolution is overcharg-
solution in room temperature and in the absence of salt th#g of stretched charged chains by multivalent counterions.
electrostatic screening length foy=100 mMis 4.4 A fora Indeed, it has been demonstrated that in the case of poly-
1:3 salt consisting of trivalent counterions and monovalenglectrolyte adsorption onto charged surfaces, charge over-
coions and 3.3 A for a 1:4 salt. Assuming that redissolutioncompensation leads to intersurface attractfrowever,
occurs at a fixed value of the electrostatic screening lengtrglectrophoretic mobility experimeritsuggest that overcom-

we expect the following dependence of the redissolutiorpensation might not be necessary in order for aggregation to
concentration on the salt concentration: occur.

FIG. 11. Schematic view of bundling behavior as function@fthe con-
centration of chaing,, and(b) the concentration of salt in the solutiog.

Chol -

" The bundled chains redissolve in the solution when th
concentration of multivalent counterions becomes too hig
c,>cl49) where c{"*¥9 is of the order of 100 mM for
DNA and is nearly independent @f,,. This redissolution
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C. Comparison with DNA denaturation Our approach is complementary to the previous two. The

Our pairing mechanism resembles the process by whicHOUble helix system carries many features that are common

double stranded DNAin the form of a double helixis with our model. The main differences are the following.
formed from (or decomposed infotwo complementary First, the linkers are not real particles whose total number is
single strand@031:33-35Each DNA strand is a sequence of conserved but rather bonds that can be either open or closed.

nucleic acids, 3.4 A apart, with four different bases: Adenin similar distinction between the Ising model and the stan-
A), Cytosiné(C), Guanin;a(G), and Thymine(T). Each C dard lattice gas model can be bridged using a mathematical

base on one of the strands binds wia G base on the mapping between the partition functions of the two models.

complementary strand through 3 hydrogen bonds, while ASecond, since bonds can be formed between every base pair

; ; he linkers are not free to move continuously along the
. The doubld"® . ) . a
and T bind together forming 2 hydrogen bonds. The dou chains but are restricted to a discrete set of fixed positions

helix is stabilized by the hydrogen bonds as well as by stack
ing interactions between neighboring residues, rendering it@ca.tGd 34 A apart. We note that our approach can.be gen-
ralized to include sequence-specific bond energies. The

stability sequence dependent. As in our model, the hydro efi' : .
Y seq P yarog ain advantage of our model over previous approaches is

bonds compete with the bare electrostatic repulsion betwee

the single strands, resulting from their high charge densitythat we explicitly include electrostatic interactions, which are

under normal physiological conditions each base carries Onlénovv_n to _pl_ay an important role in such systems, and chain
unit charge. Single strands are much more flexible thalli)end'ng rlgld!ty as well. Ou_r approach I therefore a _natural
double strands but they can be also described as a semifleyne for studying electrostatic denaturation of DNA. It is also

ible chain with a persistence length estimated to be arounge”'su!ted for. studymg_ tensmn—_mdgu ced denaturation of
40 A NA with or without binding proteinsS

Experiments have shown that as the temperature inb. Final remarks
creases, the double helix denatures in discrete steps. At each The point of view adopted here, of treating multivalent
step a section of the double helix opens up to form a l@sp ions or binding proteins as generalized linkers, is useful be-
bubble. The order in which DNA loops open up depends oncause it provides a unifying framework for treating the ag-
the specific sequence: areas rich with AT pairs tend to denagregation of charged semiflexible chains. Within this frame-
ture at lower temperatures while those rich with GC pairswork we can understand why the phenomenon of bundling is
tend to denature at higher temperatures. These loops are vesttikingly similar for all systems of charged semiflexible
similar to those we predict to occur in the crossover regimechains. For example, bundling occurs when the quality of
of our model. Furthermore, the fact that a whole sectiorsolvent is reduced; this gives rise to effective attractions. A
opens up abruptly is reminiscent of the sharp jump in themodel containing this attraction can be mapped onto a model
binding isotherm of the linkerfe.g., Fig. 6b)]. containing linkers, just as hydrogen bonds can be mapped
A few classic models of DNA denaturation have beenonto linkers as described for DNA denaturation above. Bun-
suggested in the pa$t-*>*"**These models focus mostly on dling also occurs when neutral polymers such as PEG are
the following questions(i) Is the melting transition a true added, due to depletion interactidrs in-condensation of
phase transition, and if it is, is it a first order or second ordeIDNA (Ref. 6Q]. The depletion attractions become attractive
transition?;(ii) What is the relation between the DNA se- at short distances when the PEG concentration is high
quence and the order in which different sections of theenough, much as in the case of added linkers. Thus, our
double helix denature? conclusions apply very generally to systems with charged
The earliest and probably the most generic model is thgemiflexible chains in solution, not only in the presence of
Poland—Scheraga mod8lwhere each base pair is assignedexplicit condensing agents such as multivalent ions or bun-
a spin variable with two states: open and closed. Differentlling or crosslinking proteins, but also when short-ranged
statistical weights are then assigned to consecutive sequencgi$ractive interactions of various sources are present.
of open pairgloops and closed one&louble heliy. In this Our approach appears limited because we have consid-
approach the specific properties of DNA are hidden in a fewered only two chains. What are the consequences of linkers
phenomenological parameters. Despite its simplicity this apin many-chain systems? Here we argue that the mechanism
proach has been quite successful in relating the melting beer a phase transition between a dilute linker phase and a
havior of DNA to the sequence of nucleic actls® The  dense linker phase transcends the two-chain model. We have
model has been also used as a starting point for studying tifeund that the bare electrostatic repulsion between the
nature of the melting transitiof?:*"**Recent studies indicate charged chains leads to an effective attraction between link-
that excluded volume interactions between the nucleic acidsrs along the chains that results in a rounded phase transition
render it a true first order phase transition. in the two-chain case. In a many-chain system, there is still
Another approach is based on the Peyrard-Bishopn electrostatic cost for every junction. If more than one
modef* where the degrees of freedom are the displacemeninker clusters at a junction, the number of junctions de-
of each base along the axis connecting it to the correspongreases and the energy per junction also decreases. This
ing base on the adjacent strand. The model has the advantagechanism for an effective attraction between linkers should
that it allows for bond stretching and intermediate states beapply in the many-chain system as well as the two-chain
tween an open bond and a closed bond. On the other hangystem. We therefore expect that in a many-chain system,
the model neglects the entropy of the large loops, which playhere is a true phase transition from a dilute linker phase to a
an important role due to its long ranged effect. dense linker phase. In the dilute linker phase, the chains
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cross at large angles; this is a network. In the dense linkefhe first term represents the chain mediated interlinker re-
phase, the chains are nearly parallel and densely packed; thisilsion while the last term is just a constant shift in the

is a bundle. The existence of a phase transition between naethemical potential of the linkers. Note the cancellation of the
works and bundles may be relevant to the cytosol of celldogarithmic dependencies on linker density of the transla-
such as blood platelets. Micrographs of the cytosol show thaional entropy and the loop entropy.

bundles of F-actin can exist in close proximity to and actu-  The compressibility and the fluctuations in the linker

ally merge into networks of F-actfit. This implies that the separations are

self-assembled structure is highly sensitive to gradients in

the concentration of various bundling and crosslinking pro- pKT:L, (A7)
teins. We know that high sensitivity to concentration can be 2alpp
found in the vicinity of a phase transition. We therefore sug- 1
gest that this might not be a coincidence; if the system is  pAl= ) (A8)
tuned to be near a phase transition, small amounts of specific V2alpp
proteins can be used to drive the system from one phase to
another. 2. The dense regime: Neutral linkers
At small separationsl&1*) the chain-mediated inter-
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TN (PP’ (A10)
APPENDIX: ANALYTIC RESULTS wherePy=1I"/ly. In the thermodynamic limit the Gibbs po-
1. The dilute regime tential is

At low linker densitiesp<1/1* the average interlinker G(N,P,T)=N[InA1(P+Pg)+(P+Po)b—I], (All)
separation is large and the main contribution to the partitionyq the equation of state
function comes from the long rangé&x1*) part of the po-

tential. The potential can then be approximated by (P+Po)(L=Nb)=N. (A12)
al Note the resemblance to the van der Waals equation of state.
Viong(1)= I_p +cin(l/ly). (A1)  The attractive part of the potential reduces the pressure by an

amount equal td®,, while the volume of the system is re-
For c=3/2 the partition function can be calculated exa®ly duced by the excluded voluniéb.

yielding The free energy and the chemical potential are
N A
Z,= — T g VAaToP, (A2) fiollp, T)=p In( L )—l +Po—2¢gqp, (A13)
al, 1-pb
In the thermodynamic limilN,L —co the Gibbs potential be- N1p pb
comes Mrotlp, T)=1In 1= pb + m—%o, (A14)
T\ - - ibili ions i
G(N,P,T)=N \ﬁ_TJr 4al P|. (A3) Whlle the |sothermal compressibility and fluctuations in the
al, linker separations are
ExtractingL as function ofP [using and inverting Eq(31)] pkr=(1—pb)?, (A15)
gives the following equation of state:
pAl=1-pb. (Al6)
P(p,T)=alyp (A4)

Note that the energy gain I" per linker[Eqgs.(A13), (A14)]

The dependence of the pressure on the density is typical @fancels the electrostatic cost of forming a junctidfys.
systems with repulsive interactions whégeplays the role of  (39), (41)].

a one-dimensional second virial coeffici€np to numerical
prefactors.
The free energy density and chemical potential are 3. The dense regimes: Charged linkers  (z>0)

Ve
71'|p
N

Tl

p

If the linkers are charged the interlinker potential in-
+(I'=2e0)p, (A5)  cludes an additional repulsive term at short distances. Ne-
glecting the effect of screening on the bare interlinker poten-
tial and the hard core interaction, the potential now becomes

v(h)=—=T(1-1/lg)+Z2gll, (A17)

follp, T)= a'pP2+P In

Mol p, T)=2al,p+In +I'—2¢g. (AB)
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FIG. 12. Comparison of the numerical calculation with the analytic approximations for the data described irfsBigd 6urve. The solid curves are the

numerical results while the short and long dashed curves correspond to the dilute regime and the dense regime, respectively. The values df the physica

quantities used in the calculation ate*=10 A, Iz=7 A, £&=4,d=25A,1,=50 A, z=0,b=1A, and\;=1A.

wherePy was defined above. The partition function is
e 47,

= —_— \/27
Zy N VP PoKl( 4z°1g(P+Py)), (A18)
and the Gibbs free energy
G(N,P.T)=N| I | iy 0
( 1 L] )_ ﬂ T Tle
—InKy(V4z°lg(P+Pg))—T|. (A19)

1

=5 A23
PKT ZZZIZBp ( )

4. Comparison with numerical results

The analytic expressions derived above can be compared
now with the numerical calculations. We consider here neu-
tral linkers with only hard core interactior&ig. 12. The
solid curves are the numerical data from Fig. 6, to be com-
pared with the short dashed curv@blute regimeg and the
long dashed curveense regime The qualitative features

Using the asymptotic behavior of the Bessel function forare well described by the analytical expressions although
large argumentsvalid in the high pressure/high density re- some quantitative features are different.

gime) we obtain the following equation of state:

P+Py=21gp?, Zgp>1. (A20)

Consider first the situation were the linker densitys
fixed [Fig. 12@)]. In the dilute regime the minimum of the
free energy is at a low value of the linker densj,.

The free energy density, the chemical potential and the com<1/b and the value of the free energy at the minimum is

pressibility are
f(p, T)=pIn\yp+2%lgp°+ 5pIN[2%Igp/ 7]
+Po—Tp, (A21)

w(p, T)=In\p+22% gp+ 3IN[ZPIgp/w]—T, (A22)

close to zero. On the other hand, in the dense regime the
minimum is close to the close packing density-1/b and

has a strong negative value which is of the order-df. At

the crossover from the dilute regime to the dense one both
the chemical potentials and the pressures in the two phases
are equal. The result is two implicit equations for the densi-
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ties pyiuter PdenselN the two regimes at the crossover,
(A24)
(A25)

where p{3®) and ,{9"€) are given by Eqgs(39), (A6),
(A14) while Piute) gang p(dense) gre given by Eqgs(A4),
(A12).

Since pldite)< p(dense 1y one can extract from the
pressure equalityeq. (A25)] a lower bound on the density in
the dense regime,

Po

Mggtilute)(p(dilute)) — Mggtense(p(dense)'

P(dilute)(p(dilute)) — P(densezp(dense)’

plomsel 2 (A26)

and an approximate crossover chemical potential
p*=Inhgp—T, (A27)
LN N1p—2¢y. (A28)

For the parameters of Fig. 12 we obtgiff*"*®=0.23 and
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