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ABSTRACT
ENTROPICALLY DRIVEN INTERACTION BETWEEN COLLOIDS AND
THEIR SELF-ASSEMBLY
Keng-hui Lin

Arjun G. Yodh

We have made the first direct measurements of entropic interactions of colloidal
spheres in suspensions of rods (fd virus). We investigate the influence of sphere size,
rod concentration. and ionic strength on these interactions. Although the results
compare favorably with a recent calculation, small discrepancies reveal entropic effects
due to rod flexibility. Fits to the data with a bent rod model were excellent, provided
we used the persistence length less than 1 um. smaller than the commonly reported
value of 2.2 um for fd-virus. At high salt concentrations, the potential turned repulsive
as a result of viral adsorption on the spheres and viral bridging between the spheres.

We also investigated the self-assembly of colloidal spheres on periodically pat-
terned templates. The surface potentials and the surface phases were produced en-
tropically by the presence of non-adsorbing polymers in suspension. A rich variety
of two-dimensional fluid- and solid-like phases were observed to form on template
potentials with both one- and two-dimensional symmetry. The same methodology
was then used to nucleate an oriented single FCC crystal more than 30 layer thick on

a commensurate substrate. We observed surface-induced freezing of the hard sphere

viii



ix
fluid due to the patterned surface of expanding FCC(100) lattice at volume fraction
lower than bulk freezing point 54.5%. The bulk osmotic pressure of hard sphere deter-
mine the phases above the patterned substrate. The commensurate-incommensurate
transitions occurs as the system osmotic pressure increases. At very high osmotic
pressure. the system exhibits random hexagonal packed structures despite of under-
lving square template structures. The template approach provides a new route for

directed self-assembly of novel mesoscopic structures.
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Chapter 1

Introduction

Colloids consist of solid particles. with diameters ranging from 1 nm to 1 pym. sus-
pended in a fluid. They are useful systems to study for several reasons. Their size
scale fall within the realm the nano-technology and also within the realm of cell
biology. The colloidal suspensions are commonly encountered in daily life. eg. in
surface coatings, paper, paints, cosmetics, and so on. They can modify rheologi-
cal or optical properties of the carrier fluid. Related industrial applications include
chromatography. drug precipitation, oil-drilling, food processing, ion exchange. and
electrophoretic deposition. Colloids have also captured the attention of physicists.
They behave in many ways like atomic systems but can be studied in real-time and
by direct visualization. They form the basis for new classes of materials such as
photonic crystals, and the colloidal particles can be used as probes to study complex
systems on microscopic scales.

Colloids are influenced by a wide spectrum of physics and chemistry. Generally



we characterize colloidal systems by the constituent size. shape. and interparticle
interaction. Among other things, particle size and interaction determine the typical
time scale for system evolution. For instance, if there is an attractive interaction
between colloidal spheres with radius a. it induces locally bound pairs. The time ¢

required to break up the bound pairs is the relaxation time

671'17 0,3 Umin )
= - . 1.1
TR="T exp( k5T (1.1)

Here 1 is the viscosity, Upi, is the minimum of the interparticle potential. kg is
the Boltzmann constant and T is the temperature. This time scale is important to
determine whether a system undergoes the equilibrium or non-equilibrium process.
For the equilibrium process. the observation time must be sufficiently long so that the
particles rapidly access all the possible configurational thermodynamic phase space
by strong Brownian motion. 7y is about 4 seconds for 2a = 1 pm and |Upin|/ksT = 2.
Thus it is often possible to study crystallization, nucleation. melting phenomena by
the direct visualization with video microscopy.

The most commonly studied colloidal particles are spherical. Other shapes include
random coils. spheroids. rods (eg. actin filament), and disks (eg. clays). The parti-
cles can exhibit different flexibilities and the different steric structures have unique
excluded volume effects related to the possible configurations of the particles. All
of these properties contribute to the system entropy. One aspect of this thesis ex-

plores the entropic interactions between particles and examines the role of shape and



flexibility in colloidal suspensions.

The interparticle interaction determines the suspension stability. When there
is a strong attractive potential between particles, they aggregate irreversibly. Two
important interactions between colloidal particles which compete to determine sus-
pension stability are the van der Waals attractions and the electrostatic repulsions.
Derjaguin and Landau [7] and Verwey and Landau [8] (DLVO) developed the the-
ories about colloidal stability taking into account both interactions. There are also
steric, hvdrodynamic and solvation interactions in colloidal suspensions. The inter-
play between these interactions and entropy gives rise to the complicated behaviors
of colloidal suspensions. They exhibit fascinating equilibrium phases which provide
a testbed for investigation of classical many-body statistical physics.

Thermodynamics tells us the equilibrium phases are determined by its Helmholtz
free energy FF = E — TS, where E is the internal energy of the svstem. T is the
temperature and S is the entropy. The system evolves to minimize its Helmholtz free
energy. Conventional phase transitions from fluid to crystalline phase takes place if
the loss in entropy upon freezing is compensated by a decrease in internal energy; i.e.
the ordering transition is “energy driven”, not “entropy” driven. Therefore in order
to observe “pure” entropic phase transitions, the system with hard-core potential is
the ideal candidate. The internal energy is zero when the particles are not in contact.

When the system has a fixed number density, it can only evolve to increase its entropy



or have the same entropy [9].

Ludwig Boltzmann gave the statistical mechanical foundation of entropy
S=kglnQ. (1.2)

Here Q is the number of states accessible to the system given the constraints of
particle compositions N, volume V' and energy E. The Boltzmann constant kg is
introduced here, a prefactor determining the scale of S in agreement with the Kelvin
scale of temperature. The usual interpretation of entropy is that it is a measure of
the “disorder™ ! of the system. Intuitively we consider crystalline solids as “ordered”
and isotropic fluids as “disordered” because in the crvstalline phase the particles are
confined to periodic position but in the fluid phase particles can move with no obvious
positional constraints.

Many remarkably surprising phases driven by entropv are observed. There exists
the first order fluid-solid transition in the simple hard sphere svstems. The hard rod
system exhibits isotropic, nematic, and smetic phases. Mixing suspensions of different
sizes or shapes further complicates the phase behaviors. For example, the addition
of non-adsorbing polymer coils to a suspension of hard spheres lead to lower freezing
points or phase separations between sphere-rich and sphere-poor regions. The mix-
tures of rods and spheres exhibit fascinating phases bevond isotropic, nematic and

smetic phases [10]. The detailed statistical mechanical theories of the mixtures of

IC. E. Shannon’s interpretation for the framework of information theory



suspensions are complicated. However, a simple and useful model for the fundamen-
tal mechanism was first proposed by Asakura and Oosawa [11] and later developed
independently by Vrij [12]. They preved that the entropy gained by the depletants
(eg. polymers) introduce an the effective attraction between spheres. As a result, the
added polymers can be regarded as “inverse temperature” in the density-temperature
phase diagrams as atomic systems. Both colloidal and atomic systems share similar
phase behaviors in nature.

The phase behaviors and the dynamical properties of systems can be modified
by interfaces or confined dimensions. The study of physics in confined geometries
has yielded surprising results. For example, the melting/freezing transition in 2D is
fundamentally different from its counterparts in 3D which is characterized by a first or-
der transition. The theories of Kosterlitz-Thouless-Halperin-Nelson-Young (KTHNY)
tell us that 2D solids can melt via two sequential phase transitions [13, 14, 15, 16].
Colloidal systems have been used to test the theory successfully. The behaviors of col-
loidal suspensions have been observed quite differently in geometric confinements such
as patterned surfaces or periodic optical potentials in contrast to the bulk properties.
The confinement changes the fluctuations of colloidal particles and thus change the
nature of phase transitions. The presence of a surface induces a rich scenario of inter-
facial phase transitions sometimes connected with wetting or surface reconstruction.

Surface freezing is a peculiar type of wetting transition, where a liquid surface builds



up spontaneously several crystalline layers above the bulk freezing temperature. It
has been proved theoretically that a hard sphere suspension exhibit surface-induced
freezing at lower freezing point near a patterned substrate [17]. Our preliminary data
may show this kind of transition.

In this thesis we investigate hard-sphere-like systems with the entropic interac-
tions. We focus especially on the depletion interaction which arises in mixtures of
colloidal suspensions. In chapter 2 we will calculate the depletion interactions. review
entropy-driven phase transition phenomena, and discuss phase transitions in confin-
ing geometries. In chapter 3 we describe the experimental techniques needed for the
measurements including handling colloidal systems, imprinting with gratings. optical
microscopy, line-scanned optical tweezers, and the production of fd virus. In chapter
4 we discuss the measurements of depletion interactions between two spheres in a
suspension of rod-like molecules, fd virus. We test existing theories based on rigid
rods and in the process discover subtle, but non-negligible changes in the interaction
potentials from rod flexibility. The interaction measurement thus provides an inde-
pendent measurement for the persistence length of semi-flexible rods. We found that
persistence length of fd is 2-3 times smaller than the literature value. In chapter 5
we then show a rich variety of 2D phases of colloid/polymer mixtures on patterned
surfaces. The analysis of their structure functions shows the dependence of fluid-

or solid-like structures on commensuratability with patterned substrates. Our pre-



liminary studies on hard sphere crystal growth on templates of expanding lattices
suggest a key parameter, osmotic pressure [I. Three phases are observed: commensu-
rate crystals, incommensurate crystals and hexagonal packed crystals. The depletion
interaction increases the crystal growth rate but may also change the structure of
crystals. In chapter 6 we conclude with a summary of our findings and explore many

new possibilities we can study in the future.



Chapter 2

Theory of Entropic Driven Colloidal Systems

A quantitative analysis of suspension stability and phase behavior requires an accu-
rate modeling of the basic interactions between colloids. Important interactions in
colloidal systems include entropic, electrostatic, van der Waals and hydrodynamic
interactions. In this chapter we derive entropic interactions which are crucial in the
mixtures of suspensions. After understanding the nature of the entropic interactions
in colloidal suspensions, we review a few well-studied colloidal systems and their equi-
librium phases driven by entropy without going into theoretical detail. We pay atten-
tion to to the freezing/melting transitions in confined geometries and discuss useful
order parameters used in this type of phase transition phenomena. Understanding the
behavior of the model systems may shed light on our systems of colloidal suspensions
on patterned surfaces. At the end we review a recent theory [2] about precrystal-
lization on patterned surfaces which has direct implication on our experiments. We

extend the discussion to related concepts such as roughness and the commensurate-



incommensurate transition in surface science, which we may investigate systematically

in our systems in future experiments.

2.1 Rod Depletion Interaction between Two Plates

The depletion interactions between two parallel plates immersed in a solution of hard
spheres or rigid rods were first considered by Asakura and Oosawa [11]. In their
pioneering work they have commented that depletion interactions due to different ge-
ometric particles may give rise to interesting phenomena. For example, latex particles
can aggregate by adding fibrous proteins or linear polyelectrolyte molecules; however,
no aggregation of latex particles was observed early on by adding rigid spherical
macromolecules [18].

In 1981 Auvray calculated the depletion interaction between two spheres in dilute
rigid rod solution using the Derjaguin approximation. The calculation was conceptu-
ally correct, but missed a factor of 2 [19]. The correct expression was reported in [20]
wherein the calculation was also extended to the third order in rod concentration.
More recently, Yaman, Jeppesen and Marques (YJM) accounted for sphere curvature
beyond the Derjaguin approximation [21]. Other calculations have been performed for
rod-like shape depletion interactions [22, 23, 24]. The effects of such interactions have
been explored theoretically in the phase diagrams of rod-sphere mixtures [25, 26].

We first consider the rotational degrees of freedom of an infinite, thin rigid rod
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Figure 2.1: (a) A rod near a hard wall with one end at distance z. The rotation is
restricted when z < L and the angle between the rod and the normal to the wall
is less than cos™' £ is unavailable. (b) A rod between two parallel hard walls with
separation h.

in the presence of a repulsive wall (see Fig. 2.1a). The probability of finding one
of the end of the rod at a distance r with orientation characterized by the angle
6 is given by the Boltzmann factor: f(r,0) ~ exp[—U.(r,0)/kpT|. where kg is
the Boltzmann constant, and T is the temperature and the normalization requires

[ d% [dfsin@f(r,08) = 1. The hard wall potential is

oo, if any part of the rod touches the wall
Ue(r.0) = (2.1)
0, otherwise.

The corresponding grand-canonical potential of a dilute rod suspensions is given by

Q=-

NkgT
= / &Pr / dfsin O (r.9), (2.2)

where NV is the total number of rods in solutions.

The surface tension between the plate and rod solution A~ is the difference be-
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tween the grand potential with and without a wall divided by the surface area, A:

A”/ _ Q- QQ
keT =~ A
= nk23T / %/desine [1 —-e‘Ue("o)]- (2.3)

where n is bulk number density. In the simple one wall case the surface tension can

be calculated easily

Ay [t 1 [ , L ,
— - = = —, 24
nkaT /o az [1 ) /cos-xz/L d051n0] 1 (2:4)

The positive surface tension tells us that it takes energy to create the interface of a
hard wall in a rod solution; and therefore when there are two walls, it is energetically
favorable to have two walls in contact. This is the origin of the entropic driven
attraction - depletion force. In the two wall case the surface tension is a function of

separation,

Av(h) 2 rh/2 1 /0 h h _
= — d - = 0 =—|(1-=]. .
hnT ‘4/0 z|1 2/0.; dfsin 8 1 1 5L (2.5)

where 6,(z) = cos™!z/L and 6,(z) = m — cos™!(h — z)/L. Therefore, the deple-
tion interaction per unit area between two walls is the surface tension difference for
separations h and oc:

U(h) = —%nkBTL(l —h/L)? (2.6)

We can also understand the depletion interaction from other points of view. The

attractive potential between two plates is the work done as a result of the rods exerting
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Figure 2.2: (a) The number density profile of a dilute rigid rod suspension from a flat
wall. The depletion interaction between two plates in rod suspensions. The hatched
region with thickness L/2 is the depletion zone where a rod loses the rotational degrees
of freedom when its center is in the region. (b) Plates separation h is larger than the
rod length L. The number density inside plates is the same as outside; therefore, the
osmotic pressure on both sides are balanced. (c) when h < L: the black region is the
overlapped depletion zone. The number density outside plates is larger than inside;
therefore the osmotic pressure exerted by rods inducing an attraction between plates.
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osmotic pressure onto the large plate. The force per unit area on a plate is simply
the differential pressure on its two sides II(h) = kgT[n(oc) — n(h)]. n(h) is the
number density of rods between plates with separation h. The rod chemical potential
p = 0InQ/ON (from Eq. 2.2) is proportional to the accessible volume for a rod’s
rotational and translational degrees of freedom. Therefore, the rod number density
is depleted close to the wall (see Fig. 2.2a). The depletion zone or excluded volume is
shown by hatched region in Fig. 2.2. When two plates are separated by less than L.
the osmotic pressure from outside pushes two plates together (Fig.2.2c). The amount
of work done per unit area by the rods is W(h) = [dh'II(h’) where the integration
range is the overlapped volume (dark shading).

The interaction may be best illustrated as an entropic effect by considering the
free energy F = —TAS, which is the entropy difference between two plates with
separation h > L (b) and h < L (c). Rods lose rotational degrees of freedom (and
thus entropy) when their center lies in the depletion region (hashed regions) whose
thickness extends L/2 beyond the surface of the large plates. When the large plates
approach each other, these depletion zones overlap and the volume Vjyeriap becomes
accessible to the rods and thus increases rod entropy.

In the calculation of rod entropy, we may also take Onsager’s approach by con-
sidering rod of different orientation as different “species”. Rods of orientation 8 with

respect to the normal of the wall cannot access the volume (thus lose entropy) as
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their midpoint lie within L cos 8/2 from the wall. All these views are equivalent and

have different advantages in more complicated depletion interaction calculation.

2.2 Derjaguin Approximation

The interactions between flat plates can be calculated accurately without much labor.
but often they give only qualitative physics for colloidal systems. The colloidal sta-
bility is determined by the potential per sphere compared with kgT [27]. Derjaguin
first proposed the potential between two spheres can be integrated from the potential

of two flat surfaces

[\]
~]

U,(h) = ma /h ” Upiase(2)d2. (2.

The Derjaguin approximation (Eq. 2.7) is valid when the interaction range £ is much
smaller than the sphere radius a. Fig. 2.3 illustrates the spirits of this approximation.
The curved surface of a ball is divided into rings and the total energy is the sum over
all the interaction between annuli of area 27rdr over the range of distances between
spheres, i.e.

U,(h) = 27 /0 ” Upiace(2) rdr (2.8)

where Upq is the interaction energy per unit area between two flat plates as a function

of separation. The separation between annuli and the size of annuli are related as

r?=(a+2/2)*—ad®=az + /4. (2.9)
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Figure 2.3: Schematic illustration that shows how the interaction between spheres
may be calculated from the interaction between flat plates

Only the first term of Eq. 2.9 is important when z < £ <« a. Eq. 2.7 is obtained
by using the derivative of Eq. 2.9, 2rdr = adz. This simple geometric relationship
of Derjaguin approximation Eq. 2.7 shows that sphere interaction should scale like
£aUpjate-

By utilizing Eq. 2.6 in the Derjaguin approximation. Eq. 2.7. the rod depletion

interaction between spheres is

Uroa(h) = —%kBTnaLz (1-h/L). (2.10)

2.3 Depletion Interaction Due to Spheres and Disks

Before we proceed to the non-Derjaguin regime of L ~ a, we compare depletion inter-
action between spheres due to depletants of different geometric shape. The depletion

interaction between two big spheres in the suspension of small spheres of diameter o
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potentials of spheres, disks and rods after scaling them to the same depth.
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is

Usphere(h) = = ksTnao® (1= /o). (2.11)

and the depletion interaction in the suspension of disks of diameter D is (23]

. o , |1 h? h2 h(m | h
Ldisk(h)——EkBTnaD [5(24-32-) l—ﬁ—'l—) 2 sin D . (212)

Fig. 2.4a compares three depletion potentials due to spheres (dotted curve), disks
(dashed curve) and rods (solid curve) at the same number concentration with the
same size length L = D = o. Clearly, sphere depletion interaction gives the strongest
attraction than disk and rod depletion interaction. The minima for different poten-
tials, Usphere(0) = 3/2U4isk(0) = 3U04(0), are related the objects’ allowed degrees of
freedom. The other more subtle difference is the shape of interaction potentials. Fig.
2.4b shows the potential curves are scaled by the contact value ratio. Rod deple-
tion interaction is highly curved as U,oq ~ (1 — h/L)® and sphere depletion is least
curved Usphere ~ h?. This comparison shows that the depletion interaction can probe
geometric shape of depletants.

The other interesting effect is the volume fraction. The relationships between

volume fraction and number density for different geometric objects are:

¢sphere = 1/671'0'3”, (2.13)
bgisk = 1/4mD*Lyn, (2.14)

broa = 1/4mD?iLn, (2.15)
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where we have assumed the disk is of thickness Ly < D and the rod is of diameter
D, <« L. Of the same number density, the volume fraction ratio of spheres, disks
and rods of the same size £ is £2 : €L, : D?. In other words, rods of aspect ratio
L/D, = 100 can induce the depletion interaction at the same order of magnitude as

spheres while its volume fraction is 10~ to the sphere volume fraction.

2.4 The YJM Model

Recent experiments are generally carried out with the mixtures of rods and spheres
of comparable size where the Derjaguin approximation is violated [28. 10]. The Der-
jaguin approximation gives rise to quantitatively incorrect estimate for the depletion
interaction. In the experiments of Tracy et al. [28]. the authors did not observe
the phase separation which Derjaguin model predicts. In 1998, Yaman. Jeppesen,
and Marques calculated the exact depletion potentials for arbitrary size ratio a/L.
They took into account a rod near a curved surface. \When the curvature of the
surface is considered. there are fewer excluded orientations when the rod is near a
sphere (see Fig.2.5a). Also there are two different ways for the rod to contact the
wall. When the center of rod z > m — a, the tip touches the wall; when
2 < /(L/2)? + a2 —a, the rod is tangent to the the sphere on its side. This make the
calculation of phase space available to rods between two spheres complicated. There

is no single analytic solution for arbitrary a/L. The authors expressed the potential
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Figure 2.5: (a) Possible rod orientation between two curved surface and flat surface
at the same separation. (b) Two different configurations of rod in contact with sphere
surface.
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in the following form
Uysm(h/L;a/L) = —kgTn.al?K(h/L:a/L). (2.16)

where K'(h/L:a/L) is calculated numerically. Fig. 2.6a shows K(h/L:a/L) at dif-
ferent values of of L/a. When L ~ a, the potential deviates about 50% from Der-
jaguin approximation. The shapes of potentials of small a/L do not differ much from
Derjaguin model (Fig. 2.6b). The most important modification on rod depletion
interaction between two spheres in non-Derjaguin regime is the decrease of attractive
potential because the entropy gain from overlapped excluded volume is overestimated

in Derjaguin approximation.

2.5 Bent Rod Approximation

In our experiments to be discussed in Chapter 4 the rods are not perfectly rigid. Thev
are flexibly bent. Inspired by the experimental results [1]. Lau [29] approximated
a bent rod as two stiff rods attached together at a fixed angle. Fig. 2.7 shows
that the angle is determined by the end-to-end distance and contour length, o =
cos™' R/L. The probability of finding one end of a bent rod at a distance r with
orientation characterized by (@, ¢) is given by the Boltzmann factor: f(r,d,4) ~
exp{—Uez:(r.1.0)/kpT). The surface tension of a flat wall in the bent rod suspension
can be calculated by similar approach in Section 2.1 (see Fig.2.8). The bigger the bent

angle a the rod has, the smaller the surface tension is. Thus the depletion interaction
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as a function of bending angle a.
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between two flat plates is smaller for bigger a. The depletion attraction potential

between two parallel plates has the following form

2
V(h) = —noksT [L c;’sa (1 - Lc’;sa) + r(h.a)] . (2.17)
The first term is the the depletion potential due suspension of straight rods with
R = L cos a which rotate around the midpoint of a rod and I'(h. a) is the contribution
from the rotational degree of freedom around the end-to-end axis of the bent rod.
The two independent movements of rods contribute to two decoupled term in the
interaction. Fig. 2.9 compares the bent-rod depletion interaction between two plates
with two different angles along with the straight rod depletion interaction. The
larger bent angles gives smaller attraction at contact but larger deviation from the
straight rod potential. This is qualitatively similar to our experimental data. For
the interaction between two spheres, the Derjaguin approximation is applied on the
contribution from rotation around axis wa [ dh'T' (', a) because the interaction range
is Lsina which is smaller than a. The rods in the experiment is rather stiff. The

contribution from straight rod of Lcosa is replaced by YJM model. In Chapter 4

We will compare the experimental data with the YJM-L model

h a T [®
T — 2 . ! ’
U(h) = —kgTnaR [K (R’ R) + R2./h dh F(h,a)] . (2.18)
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2.6 Equilibrium Phase Behaviors

We have discussed the entropic interaction between colloids and now we will review
equilibrium phase behaviors of a few model colloidal systems and introduce the cor-
relation function and bond order parameters which are useful in investigating phase
transitions. The phase transitions observed in colloidal systems can be divided into
two classes [30]:

(i) disorder-order transitions driven by entropic effects in systems dominated by
the repulsive interparticle potentials such as hard sphere or electrostatic interaction.

(ii) fluid-fluid or fluid-solid transitions caused by weak attractions.

The first class corresponds to the freezing transitions in molecular systems. There
are small density differences between two existing phases. The second class corre-
sponds to the gas-liquid, gas-solid transitions in molecular systems. There is distinct
density difference between two phases. The basic features of the phenomena can of-
ten be understood qualitatively with simple models for the interparticle potentials.
Detailed calculations of phase diagrams can be achieved by virial expansions, per-
turbation theories, Monte Carlo and molecular dynamics simulations with specific
potentials. The theoretical efforts have been tested and motivated by experiments

with a variety of model colloidal systems.
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.2.7 Hard Sphere System

Hard sphere systems are interesting for various reasons. They are useful models such
as simple liquids [31} and glasses [32]. Often they are also excellent approximation
for dense-particles systems with more complicated potentials because the short-range
interparticle repulsion is the major effect in determining the structure. The existence
of a first-order order-disorder phase transition was surprising and greatly debated in
1950’s. Intuitively, the freezing arises because the attractive energy between particles
overcomes entropy loss of the systems and hard spheres lack these attractive inter-
actions. The early analytical work and computer simulations [33, 34, 35] predicted
the fluid-solid phase transition. It was not until 1980’s that these ideas were tested
experimentally thanks to major developments in colloidal science [36, 37).

The hard sphere system has two length scales: the average interparticle spacing,
commonly expressed in terms of the number density n and the particle radius a.
These two parameters lead to the only relevant dimensionless parameter, the volume
fraction of the spheres,

4
¢ = §7ra3 n. (2.19)

@ determines the pressure equation of state and thermodynamically stable phases for
hard sphere systems (see Fig. 2.10a). A hard-sphere system is athermal. i.e. there
is no temperature dependence to its grand potential, thermodynamic properties and

phase diagram because the Boltzmann factor e~U/%87 is either 0 or 1. At very high
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volume fraction, the spheres are forced to touch and the pressure diverges. The
volume fraction of random close packed spheres in three dimensions is 63.8% while
the maximum packing can be reached at 74.05% for FCC or HCP. There exists a
coexistence phase between a fluid (¢ = 49.4%) and a crystal (¢ = 54.5%). During the
transition the individual spheres give up the long range positional degree of freedom
by arranging periodically to relieve the crowding locally. This process maximizes the
system entropy. A very useful expression for the equation of state for the fluid phase

was derived by Carnahan and Starling [38],

M 1+¢+¢2—¢°
nksT ~— (1-¢)°

Z(¢) = (2.20)

where Z(¢) is known as compressibility factor describing the deviation from the ideal

gas law. For solid phase the equation of state has the expression

2.22

Z(9)

Experimentally the direct measurements of colloidal suspension’s thermodynamic
quantities such as osmotic pressure are non-trivial. Measurements of equation of
state are used to test the “hardness” of colloids (39, 40]. At low volume fraction it is
measured by extrapolating the static structure function to zero wave vector [41, 39)].
If there is density difference Ap between ppariicie and the solvent density psoivent, the
equilibrium sedimentation can be reached in few days to few weeks and used to

determine the equation of state [42, 40]. The Nobel laureate J. Perrin first noted that
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one can measure the osmotic pressure of pollen particles by observing their sediments.
In equilibrium the sedimented particle flux due to gravity is canceled by the upward
diffusive flux from more concentrated particles in the bottom. The osmotic pressure
IT at any height z must support the sum of the weight of the overlaying particles with

buoyant particle mass mg = 4/37a®(pparticie — Psolvent )
oo
[(z) = mpg / dz' n(z'). (2.22)

The density n(z) can be obtained by scattering or absorption. The variation of
concentration over height is characterized by ¢, = kgT/mgg which is called the
gravitational length (€, = 0.81 um for particles of radius ¢ = 0.5 pum, Ap = 1 g/cc.)
It takes months for particles with a = 0.5 um to reach equilibrium [43]. In the
dilute regime where [I{z) = n(z)kgT, we obtain the usual barometric law n(z) x
exp (—z/{y) by Eq. 2.22.

It is useful to understand the hard sphere system. In the following few sections
we give a qualitative description of other concentrated colloidal systems largely based
on our understanding of hard sphere systems. Expanding the hard sphere limit by
perturbation methods is often appropriate for colloidal particles with short-ranged

electrostatic and entropic interactions compared to the particle diameter.
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Figure 2.11: (a)-(c) theoretical phase diagram. (g)-(i) experimental data. 7, is the

volume fraction of the polvmer and ¢ is the volume fraction of the colloids in the
sample. The symbols denote the following: circle, fluid;: diamond gas plus liquid;
cross. gas plus liquid plus crystal; plus sign, liquid plus crystal; square gas plus
crystal: triangle. gel or no visible crystallites; star, glass.
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2.8 Sphere/Polymer Mixtures

Phase separation in colloidal suspensions, induced by the addition of nonadsorbing
polymer, is phenomenon of fundamental interest and important technological appli-
cation. The depletion of polymer molecules from the region between closely spaced
particles leads to an effective interparticle attraction, as described in Sections 2.1-2.3.
The typical depletion potential is shown in Fig. 2.11a and its range is determined by
polymer radius of gyration r,. There are numerous experiments to show that the ad-
dition of enough non-adsorbing polymers to a suspension of colloidal particles causes
phase separation (eg. [44, 45, 46, 47, 48, 4, 49]). There are also theoretical studies
(50, 51] and simulations [52, 53]. The kinetics connected with these phase separation
have been observed: nucleation and growth, spinodal decomposition, aggregation and
(transient) gelation [54, 55, 56, 57]. The structure of the final state of the system
depends on these kinetic pathways [58, 59).

The topology of phase diagrams is mainly determined by the size ratio £ = r,/a of
the radius of gyration r, of polymer over the sphere radius a. When the size ratio is
small which means shorter interaction range, there are three phases - fluid, solid and
coexistence, the same as hard-sphere systems but with larger fluid-crystal coexistence
region. For larger value of £, however, a three-phase coexistence of colloidal glass,
liquid and crystal phase is observed. The crossover between these two topologies is

found at £ ~ 0.25. The phase diagrams shown in Fig. 2.11 is plotted as 7,, the vol-
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ume fraction of polymer and @, the volume fraction of colloids. The volume fraction
of polymer ! can be considered as an inverse temperature so the diagram becomes
effectively density-temperature phase diagram. Thus, variation of the effective poly-
mer volume fraction is a way to control the “temperature” of hard sphere/polymer

mixture systems.

2.9 Charged Sphere Systems

The other extensively investigated colloidal systems are the charged polystyrene
spheres. The interaction between spheres is a screened-Coulomb (or Yukawa) repul-
sion which is derived through the linearized Poisson-Boltzmann equation describing
the distribution of screening charges around a charged sphere. Fig. 2.12a shows a
typical potential. The interaction range is determined by the screening length x~!.
When «~! is very small compared with the sphere radius a. the spheres are hard
sphere like. At low ionic strength, ! is long compared with a. The long-range elec-
trostatic repulsion can induce a phase transition at volume fraction as low as 1073
The other key parameter to describe the phase behavior is the correlation parameter
[ = U(a,)/ksT where a, = (1/n)'/3 is the average interparticle distance. This mea-
sure the ratio between a particle interactions with its neighbors and its mean kinetic

energy. The typical 3D phase diagram is shown in figure 2.12. BCC crystal structures

More correctly, we should use the effective volume fraction of polymer n,’f which only consider
the free volume left by the hard spheres instead of system total volume fraction.
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Figure 2.12: (a) A typical Yukawa-like repulsive potential with screen length x~'.
(b) Phase Diagram for particles interacting through a Yukawa potential. a; is the
average interparticle distance. I' = U(a,)/kgT

are found when the repulsion is “softer” (I' > 5 and ka < 4 .)

2.10 Correlation Function and Structure Function

It is worthwhile to review the physical meaning of the structure function and the
correlation functions which contain information about the average relative positions
of particles within an ensemble. We will also show how we calculated and analyzed
these quantities using David Grier’s IDL programs [60].

The density function which specifies individual particle positions of a system is

written as
n(r) = Z 5(r—r;). (2.23)

Features extracted from a micrograph are stored into an array of two column position
coordinates (z;,y;). The coordinates can be transformed into a 2 dimensional array

of density function by creating a 2D matrix where the value of index (z;/Az, y;/Ay)
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is non-zero (2.13) where Az and Ay are the grid sizes with respect to x and y coor-
dinates. If the point does not fall exactly on a grid point in the image, the value is
distributed among the neighboring grid points in a manner proportional to the mis-
match. The grid size can be adjusted to smaller value in order to increase resolution
but this costs the memory requirement and computation time.

Perhaps the most important ensemble averaged function is the pair correlation

function:

(n)?g(r1,r) = (n(r1)n(r2)). withr, #r,
= z (5( r —ri)(S(rg — Ly ) (224)
Al

If the system is isotropic and homogeneous, the pair distribution function is a function
of relative separation g(r,,r,) = g(|r; — ry|); it is usually called the radial distribu-
tion function. g(r)dr is the “probability” of observing another particle between r and
r +dr given a particle at the origin. Clearly g = 0 when r < 2a (2a is the hard sphere
diameter). and ¢ — 1 as r — oc because the influence of the particle at the origin
diminishes to zero as r becomes large. g(r) can be calculated directly by computing
histogram of all the pair separations r;; with i # j of the systems. i.e., counting the
number n of particle between r — r + Ar. However, because of the finite system size.
there are less particles with larger separations sampled. Therefore, we need to nor-
malize the number n by the area r? or volume r3 (Fig. 2.14). The radial distribution

function is essential in the theory of liquids. All the thermodynamic functions of the
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system can be written in terms of g(r) [61]. The total energy E is

E 3

n {o o]
=3 T 9.95
NeT — 2 ak,T )y AU ennT) (2:25)

where u(r) is particle pair potential. The equation of a fluid state is

I

—_—n -

kgT 6kBT

/ drru'(r) g(r) (2.26)

where u/(r) = du(r) /8 r. This equation is often called the pressure equation. Besides
E and II we need u, the chemical potential, in order to get all of the other thermo-
dynamic functions. The chemical potential is the energy difference when adding one
extra particle into the system. A coupling variable & is introduced. A particle is in
and out of the system by & = 1 or 0 respectively. The chemical potential y is linked
to g(r) by

K 3, .
koT = InnA +kBT/ df/ dru(r) g(r: &) (2.27)

where \ = (27h/m kgT )'/? is called the thermal wavelength with # is Planck’s con-
stant and m is the mass of particle. For coexisting phases, the chemical potential
and pressure are equal for thermodynamic and mechanical equilibrium. g and IT are
functions of u(r), the interparticle potential. Often a phase diagram is represented
as functions of volume fraction ¢ and dimensionless temperature —kgT /umi,. The-
oretically g(r) can be computed from u(r) by virial expansions, integral equations,

molecular dynamics simulations, and perturbation methods. The most common first-
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order integral equation for short-range potentials is Percus-Yevick (PY) equation [31].
e /ksT g(p) =1 + n/dr'g(r’) [g(r—r') —1] [1 - e"(')/kBT] (2.28)

In a very dilute limit (n — 0), g(r) and u(r) have simple relationship
g(r) = e~u(rV/ksT, (2.29)
Experimentally one often measures the scattering function of the system, instead
of the correlation function. These two functions are Fourier transform (FT) of each
other. In the weak scattering limit (Born approximation), the static scattered inten-

sity is given bv the following expression:
I{q) = /dl'1dl'2 e~ ) (n(ry)n(r,) )

= [drieemn(r) [ dr,evein(r,)

(n(q)n(-q)) (2.30)

where n(q) = [dre™¥"n(r) = ¥; 79" is the Fourier transform the density func-
tion. The scattering measures the density-density correlation function. There are
several commonly used functions related to density-density correlation function. The

structure function S(q) measures the density fluctuation dn(r) = n(r) — (n).
1 . ) 2
S(q) = T l:/dl‘ldl'g e -2 §n(r,) 6n(rs) ) + ./dr e 'Y (n(r) )’ ] (2.31)

For isotropic, homogeneous fluids S(q) and g(r) is directly related as

S(q) = (n) [1 + (n) /dr e“""’g(r)] . (2.32)
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Figure 2.13: (a) shows a group of points of position (z;,y;) and (b) shows a surface
plot of a two dimensional array with non-zero value at (z;. y;).

They are Fourier transforms with respect to each other with the scaling and offset
related to the average density (n).

It is convenient and fast to compute the Fourier transform of an image by built-in
FFT function in the program. To reduce the artifacts due to finite size computation,
it is important to have large number of data points in the system. Details in the

discussion of computational FFT can be found in {62].

2.11 Bond-Orientational Order

Exotic phases have been discovered which lie between isotropic fluids and periodic
crystals. More parameters are needed to distinguish different structures. The trans-
lational symmetry is measured by the correlation function or the structure function
of particle positions r as discussed above. A broken rotational symmetry can be mea-
sured by the correlations in the orientations of locally-defined crystallographic axis

[63]. In contrast to conventional liquid crystals, the orientational anisotropy refers to
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Figure 2.14: The scheme of calculating pair correlation function.

the “bonds” joining near-neighbor atoms, rather than an anisotropy in the constituent
particles.

Bond-orientational order is an integral part of the two-dimensional melting theo-
ries. It is convenient to define a bond-orientational order parameter by designating
f(r) to be the angle between the local bond direction at position r and some arbi-
trary reference axis. In a two-dimensional crystal with n-fold rotational symmetry.

the bond-orientational order parameter is defined as

1 &
P, (r;) = ¥ Y entutn) (2.33)

Vi =1

where the sum is over all neighbors j of particle ¢ divided by the number of neighbors
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N;. &,(r) is invariant under C, rotation. ®,(r) has two parts: a magnitude, which
is not related to the symmetry, but which is a measure of the degree of order, and
a phase. The phase is the symmetry breaking parameter. The bond-orientational

correlation function can be calculated as
gn(r) = (®n(r) ©,,(0) ). (2.34)

Given a density distribution function n(r), ®, can be computed through different
schemes. First is to identify the neighbors. We can also use “metric neighbors™ by
finding all the particles within certain separation from one particles. We employ
the Delaunay triangulation to find “geometric neighbors™ and thus 6;;(r). It has
generally been found that the global properties of ®,, are insensitive to the definition
of “neighbors™. We can also use the edges of the Voronoi cell as “bonds™. The Voronoi
diagram is the dual of the Delaunay triangulation. The results of these two methods
come out identical. Fig. 2.15 illustrates two approaches. It saves programming and
computation time to find the neighbors by Delaunay triangulation or Voronoi diagram
because theyv are well-solved problems in computational geometry. For 2D analysis
there are built-in programs in IDL. For 3D analysis, there is freeware ghull available?.

In two dimensions, the most used global bond-orientational order parameter ®g is

1 Y e, (2.35)

(I)G =
-Nbond i g

2Download and instruction website http://www.geom.umn.edu/~bradb.
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Figure 2.15: A voronoi cell of point 7 are generated by the bisectors of points i and all
other points. If one draws a line between any two points whose voronoi domains touch,
a set of triangles is obtained, known as the Delaunay triangulation. The number of
edges is the same as the number of triangulation bonds r;;. We can choose the angle
6:; between the bond r;; to a reference axis, say z-axis or the angle 6; between edge
ab to the reference axis because | — 8’| = 90°.
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where ¢ runs over all the particles in the systems and j runs over all neighbors of
the particle i and :Vyong is total number of the bonds between ¢ and j. ®¢ measures
the coherence of sixfold symmetry in the system, which is characteristic of hexagonal
closed-packed state (HCP) in two dimensions. For a perfect HCP lattice ®¢ = 1 while
®6 ~ N2 for an ideal gas [64].

In three dimensions, the orientational order parameters are generalization of the
two-dimensional order parameter [63]. The analysis first associates a set of spherical

harmonics with every bond joining the particle ¢ to its neighbors.

Ni
Qun(9) = 3 3= Yim(B(r:3), 6(x1)) (2.36)

ij=1
where Y;,(0, ¢) are spherical harmonics, r;; is the direction of the bond with (r;;),
o(r;;) with respect to a reference coordinate system and .V; is the total number of
neighbors of particle . In Steinhardt et. al. analysis they found important parame-
ters which should be orientationally invariant to identify the crystalline symmetry as
“shape spectroscopy” [63]. For example Q; is the “finger print” for crystals with cubic
symmetry and Qs for icosahedral oriented systems where the second order invariant

Q. is defined as

2A+1

=

4 m=l 1/2
Ql=[ = > IQ?,,,I] (2.37)
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where Q. is the global average quantity. The third-order invariant W is defined as

W, = S X Qm, Qimy Qimg (2.38)
m;,ma,m3 m; Mz Mg

my +mz2+m3 =0

where (:::) stands for a Wigner 35 symbol. W, is a sensitive to distinguish bcc
structure from fcc and hep. In the recent experiment by Gasser ef. al. [65] they
used Q;. Qs and Wy to identify the nucleation cluster in the weakly charged sphere

systems.

2.12 Colloidal Suspensions in Confined Geometries

The nature of the melting transition in two-dimensional systems has been a matter of
great interest and often hot controversy since nearly 30 vears ago. As the dimension-
ality of space is reduced, the fluctuations around mean-field behavior become more
pronounced and destroy the long-range periodicity of a two-dimensional lattice at
finite temperatures. 2D solids exhibit quasi-long-range translational order, character-
ized by a power law decay of the positional correlation function and long-range bond
orientational order while 2D liquids exhibit short-range order where the order param-
eter correlation functions decay exponentially. The melting transition is through an
intermediate hexatic phase with short-range translational order and quasi-long-range
bond orientational order. The two-dimensional melting mechanism is summarized by

Kosterlitz, Thouless, Halperin, Nelson and Young (KTHNY) (13, 14, 15, 16]. Accord-
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ing to KTHNY theory, 2D solids melt via 2 sequential continuous phase transitions
mediated by topological defects. The first transition from a 2D solid to a hexatic
phase is driven by the dissociation of topological defects, i.e., bound dislocation pairs
in the solid. The second transition from hexatic phase to 2D liquid is caused by
dissociation of individual dislocations to form disclinations.

Enclosing a colloidal suspension between two smooth parallel walls that repel
colloidal particles in the spacings of a a few particle diameters is a straightforward
method for creating a two-dimensional layer of colloids. The systems have been
proven convenient model systems for experimental and theoretical studies [66, 67, 68].
Recently there are exciting developments in both experiments on 2D freezing/melting
by the presence of a 1D periodic potential [69, 70]. It is denoted as laser-induced
freezing by subjecting a 2D colloidal suspension to a one-dimensional potential made
by the standing wave pattern of two interfering laser beams. When the periodicity
of the light pattern is commensurate with the mean particle separation, the colloidal
liquid freezes into a solid at certain light intensity strength. Theoretical models find
novel phases such as “modulated liquids”, “floating-solid”, “locked-floating-solid” and
2D smetic phases [71, 72, 73, 74, 75]. The topology of phase diagram depends on the
relative orientation of 2D crystal to the periodic potential troughs which selects a
set of Bragg planes running parallel to the troughs and the commensurability ratio

p = a’/d of the spacing a’ between these Bragg planes to the period d of the periodic
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potential [74, 75]. The 2D-melting scenario proposed by KTHNY is affected by the
presence of a periodic 1D potential. As the strength of the potential increases, a
2D liquid first crystallizes in hexagonal order and then melts again to a modulated
liquid. This shows that the particle fluctuations suppressed by optical potentials are

essential to the nature of phase transitions.

2.13 Surface Freezing On Patterned Substrates

Recently Heni and Lowen considered the phases of a hard sphere suspensions near
topologically patterned walls corresponding to FCC lattice cut along the (111), (100)
or (110) orientation, a HCP (100) orientation and a rhombic lattice distorted with
respect to the triangular one. They derived the scaling relations for thickness of
crystal based on the phenomenological theory of the hard sphere fluid in contact
with wall; the fluid may “condense” into “droplet of crystals” on the patterned walls.
They confirmed their phenomenological theoretical results by computer simulations.
The theoretical substrate was composed of fixed hard spheres forming a periodic two
dimensional array and the fluid was composed as hard spheres of the same diameter
as the fixed wall spheres. By computer simulation, they found that a pattern which
is commensurate with the bulk crystal can initiate complete precrystallization with
an onset far away from the bulk freezing transitions and the complete and incomplete

wetting depends on the type of the surface patterns. For instance, fcc(111) produced
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complete wetting while fcc(100) and (110) gave incomplete wetting. When there are
distortions of lattice mismatch between bulk phases and the substrate, the wetting
can be either incomplete or prevented.

The phenomenological theory is similar to the theory of wetting. They computed
the difference ¥ of the grand canonical free energies per unit area for a wetting and a
non-wetting situation. This quantity is discussed as a function of system parameters
and a crystalline sheet of thickness ¢ (see Fig.2.16). ¥ is contributed from bulk/surface
thermodynamics, and effective interface interactions and elastic distortions of the solid
[76]

= +%+%;. (2.39)

The first term is the surface tensions 7y, Vs and v,y of three interfaces wall-solid,

solid-fluid, and patterned wall-fluid

21 = Yws + Ysf — Ywf (240)

which determines the wetting of the phases. A necessary condition for wetting to
occur is ¥; < 0. vy, and 7,5 depend on the wall pattern. v,; depends on the relative
orientation of the planar solid phase with respect to the fluid and have been calculated
for hard spheres by computer simulation in different orientations {77).

The second term describes the energy of the bulk crystalline layers. The adjacent
crystalline layers are taken to have exactly the same structures as the wall patterns

and exhibit no spontaneous shearing. The coexistence bulk crystal favors the square
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b)

e,

Figure 2.16: Schematic drawing from [2] of a hard sphere fluid in contact with a
patterned wall. It can either just flow around the structure forming an inhomogeneous
fluid (a) or form a crystalline layer of thickness ¢ following the structure imprinted
on the surface (b).

lattice constant ag = 1.10750 ( o is the hard sphere diameter). If the square wall

pattern of lattice spacing a # ag is incommensurate with the coexistent bulk crystal.

it causes a strain €

e=v22-92 (2.41)

ap

which describes the relative distortion. The free energy penalty ¥,(¢) from small
distortion € can be calculated as an expansion of the energy around the coexisting

bulk crystal by harmonic elasticity theory [78], i.e.,
,(0) = Be%¢ (2.42)
3 can be expressed in terms of the elastic constants of crystals C,,. For an FCC crystal

of hard spheres, C;; has been calculated at different densities including melting point

[79]. The elastic energy can be re-expressed as

T,(8) = aAll¢ (2.43)
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where a = (¢, — ¢5)/dy = 0.103 is the relative density jump between solid and
fluid at the bulk freezing point and AIl = II, — II is the difference between the bulk
equilibrium fluid pressure P and the bulk pressure Pc at coexistence.

The third term is the effective interface interaction ¥; which can be from long
range interaction such as the van der Waals interaction or the gravitational force
between wall and fluid between the wall-solid and the solid-fluid interface as a function

of their average distance ¢ [80].
T3 =ye (2.44)

where v, is a prefactor and ¢; is the correlation length in the bulk solid at fluid

coexistence.

Putting 2.40-2.44 to 2.39, we have
2(€) = Yws +¥sf — Yws + @APC+ ygexp (—E/6). (2.45)

Minimizing ¥ with respect to ¢ yields the equilibrium profile and the authors found
the following scaling relations which no longer depend on interfacial free energies
near the coexistence: (i) when ¢ — 0 and there is complete wetting, the thickness ¢
diverges logarithmically with AP. (ii) For € # 0, there is incomplete wetting and the
maximal thickness which is achieved at AP = 0 varies logarithmically with €. (iii)
For a stretched or shrunken lattice, the lowest possible prefreezing pressure can be

calculated. They will have a lower prefreezing pressure at slightly expanded lattice.
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In their simulations, they use bond order parameters (®,, ®, and ®¢) to detect
laverwise precrystallization. For the triangular patterns, ®¢ is used and for square
patterns ®, is used. For FCC(110) and HCP(110) patterns ®, is applied. The density

profile n(z) is defined as
n(z) = /w /oo dzdyn(z,y, z) (2.46)
—00 J—00

where n(z, y, z) is the density function. The minima of n(z) define the spacing of the
nth layers in the z-direction. The analysis of an order parameter in the nth layer is
performed for all the particles of a chosen layer.

Based on theoretical prediction on hard sphere fluid near FCC(100) wall, the
growth of the wetting layer saturates at 3.90 as the volume fraction approaches to
54.5% and the lowest prefreezing volume fraction is 42% in the expanded lattice.
When ¢ is larger than the critical distortion ¢, = 0.09, the large free energy cost of

elastic distortion prevents the system from surface freezing.

2.14 Roughness

In the Heni and Lowen simulations, they do not address the roughness of the solids
and the commensurate-incommensurate transition. Both are important issues in crys-
tal growth. The roughness is important to determine the growth rate, growth sites
and surface relaxation. Kinetic roughening is still an on-going fascinating research

subject which describes the stochastic surface growth. The real-time investigation
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Figure 2.17: Roughening transition (a) T < Tg and (b) T > Tk
in colloidal systems makes the measurement of scaling exponents of roughness pos-
sible. In a recent experiment [81] investigating the dynamic scaling of roughness of
crystals by sedimenting SiO, nanospheres and concluded the interface growth close
to equilibrium.

The roughness can be characterized by height-height correlation function
GR) = (| 2(r) — z(r + R) [*) (2.47)

where R = (z,y) is a point of the two-dimensional (z,y) space and z is the height as
a function of (z,y). There is a roughening transition. At low temperature the surface
would like to be smooth. At high temperature there are more and more fluctuation
of surface. The nature of this transition can be understood from two competition

term in free energy F = U —T'S. A step cost some finite energy W but a step is also
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favorable to increase the system’s entropy. Thus below the roughening temperature
Tr it takes work to introduce a step into the surface while above Ty it takes work
to remove steps from the surface. The interest of this function is that qualitatively

different behaviors occurs above and below Tx

Jlim G(R) ~ 2K(T)Ing, T < T

~ 2K(T)InR, T > Tr (2.48)

where £ is the correlation length for G(R). It is finite below T and divergent above
Tr. The coefficient K(T') behaves in a characteristic way for Korsterlitz-Thouless
(KT) transition [82]. Above T the discreteness of crystal lattice become negligible,
the surface free energy is proportional to the surface area. If we include the effect of

gravity, the free energy F associated with surface shape fluctuation is
1 2
F = ——5// drdy [Adg22 + (22 + :;)] (2.49)

where + is surface tension, Ad is the density difference between the particle and the
solution and :, = 02/0z,. From equipartition theorem, the correlation function

G(R) can be expressed as

1/a 2kgT

where a is the lattice spacing of the crystal. From Eq. 2.50, gravity can kill the

roughening transition. If the length 1/q is shorter than the capillary length A

A =/v/Adg, (2.51)
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the role of gravity is negligible. In colloidal systems « is of order kgT per particle. The
resulting value of A is of microns. The roughness of an equilibrium surface between

fluid/solid interface is more significant under microgravity.

2.15 Commensurate-Incommensurate Transitions

When particles nucleates into a crystal on a foreign substrate at equilibrium, there are
two competing effects. There is a favored bulk interparticle separation a determined
by interparticle interaction. The particle-substrate interaction forces the particles to
the lattice parameter of the substrate b. For a given lattice misfit. if the particle-
substrate interaction is strong, the commensurate structure (a = b) is stable while
the incommensurate structure (a # b) is stabilized by strong interparticle interaction
(See Fig. 2.18a and b).

It is also possible that the first monolayer is commensurate and become incom-
mensurate when the number h of layer become larger. When h becomes large, the
structure becomes incommensurate at equilibrium. The energy gain from the struc-
ture into preferred distance a is proportional to the layer volume and eventually
overcomes the energy loss due to giving up commensuration. The appearance of the
incommensurate structure requires the introduction of misfit dislocations (See Fig.

2.18c).
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Figure 2.18: (a) commensurate structure of particles on a square lattice. (b) incom-
mensurate structure. (c) schematic drawing of misfit dislocations. Lines represent
lattice planes. Thick lines are for substrate lattice planes and thin lines for the ad-
sorbate ones.



Chapter 3

Experimental Methods

In this Chapter we discuss experimental procedures relevant to all the experiments.
We discuss (i) the suspensions of colloidal spheres commonly used in the lab [83];
(ii) how to manufacture grating-assisted imprints and sample chambers for template-
directed colloidal crystallization experiments; (iii) video optical microscopy and laser
tweezers which are our main measurement tools; and (iv) fd virus preparation and

properties.

3.1 Polystyrene Spheres

The most common commercially available model colloidal svstem is an aqueous sus-
pension of polystyrene spheres. Polystyrene spheres are accurately spherical and
generally monodisperse. They are also available in a large range of sizes and they can
be made to fluoresce. The deansity of polystyrene spheres is 1.05 g/cc and the index of
refraction is 1.59. It is easy to density match polystyrene particles with heavy water;
however, its high index of refraction makes it extremely difficult to observe bulk struc-

33
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ture of suspensions at high number density. So far we have not found a reliable way
to stabilize polystyrene particles in organic solvents. The particles are composed of a
large number of linear polystyrene molecules associated with hydrophilic groups such
as sulphate groups (—SQOy ), carboxylate group (—COOH ) or amine group (—NH, ).
These end groups ionize in water (or other polar liquids), releasing counterions, usu-
ally H* and the particles become negatively charged and stabilized. The electrostatic
interaction between these particles can be controlled by the solution’s ionic strength.
which determines the inverse Debye length 1/x. It is possible to have extremely long
screening length by adding the ion exchange resins, which scavenge excess ions. By
adding extra electrolyte, it is possible to decrease the screening length to a few nm so
that the particles act as hard spheres. The practical way to calculate the screening

length is through the relationship

1 .
K

vV X 2?[ Salt ]

where z, is the charge valence and [ Salt | is salt concentration in M. Thus for 10
mM NaCl the screening length 1/x is 3 nm. The proteins can be attached onto
polystyrene spheres through standard biochemistry technique which can be useful for

probing bio-microsystems.






