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ABSTRACT
ENTROPIC ATTRACTIONS IN COLLOID-POLYMER SOLUTIONS
Ritu Verma

Arjun G. Yodh

We explore the depletion attractions that arise between hard colloidal spheres im-
mersed in a non-adsorbing polymeric solution of DNA molecules. Using a scanning
optical tweezer we were able to spatially confine colloidal particles along a line and
quantitatively examine the interaction potential between two 1.25um silica spheres
moving in various complex fluids. At fixed DNA concentration, we found that the
range and depth of the inter-particle potentials did not change for background salt
concentrations between 0.1 and 20 mM. Then we fixed the background salt concen-
tration at 10 mM, and measured the inter-particle potentials as a function of DNA
concentration. The potentials obtained display variations in depth and range that are
consistent with scaling behavior expected for semi-flexible polymers near the theta
point. In particular we clearly observe the crossover from a dilute solution of Gaussian
coils to the weakly fluctuating semi-dilute regime dominated by two-point collisions.
We also quantitatively test the Asakura- Oosawa Model for these systems and show
how it can be used in both the dilute as well as the semi-dilute regime.

We also explore the dynamics of colloidal particles in background DNA solutions.

We find that the Stokes-Einstein picture breaks down in these complex fluids as the



size ratio of the probe particle to the characteristic polymer length scale is decreased.
We explain these deviations in terms of the changes in the microenvironment caused
by the presence of the depletion cavity. The colloidal spheres were also used to probe

the transition time scales from the viscoelastic regime to the purely viscous regime.
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Chapter 1

Introduction

Very often the individual properties of the components of complex mixtures are well
understood, but it is the subtleties of the interactions between the different compo-
nents that give rise to new and interesting behavior. This thesis aims at understanding
the issues that arise when two commonly used materials - colloids and polymers are
mixed together. Colloid-polymer mixtures form the basic ingredients of a wide variety
of systems ranging from commercial products such as frozen desserts and motor oils
to natural biological systems, such as living cells. Thus the structural and dynamical
properties of these complex fluids are of industrial, physiological, and fundamental
interest, and they ultimately depend on the microscopic interactions between the
suspension constituents. In this thesis we will address some of these issues.

The histories of these two materials are intertwined and date back to the 19th
century. The word ‘colloids’ was coined by Thomas Graham in the late 1800’s. He

was trying to determine the diffusion of particles through a membrane and used the



term ‘colloid’ which means glue-like, to describe particles that did not pass through
the membrane. It is interesting to note that most of the materials he used which
fell into this category were actually polymeric, e.g. starch, cellulose, etc. Soon the
word ‘colloid’ was used to describe a purely physical state that was attainable to most
matter, just like a liquid or a gas. The broad ambiguous term was used to encompass
a variety of materials ranging from gold sols to polymers and soap solutions. However,
no attention was paid to the particular forces that made colloids stable. For example,
the differences between the covalent forces that hold polymers together and the variety
of other forces that can hold particles together was ignored. Thus the ‘colloidal state’
was not necessarily a reversible one. These ambiguities in nomenclature were resolved
over time, primarily due to pioneering work by Staudinger [2]. By the thirties the term
polymer was used to describe covalently linked molecules with complex architecture
and was distinguished from the word ‘colloid’. The term ‘colloid’ now refers to a
suspension of particles in a fluid that are between 1nm -1pm in size and feel the
effects of thermodynamic forces.

For the purposes of this thesis, the term colloid is used interchangeably with hard
sphere particle suspensions that are on the micron length scale. The composition of
these colloidal particles may be polymeric, though the final structure bears no resem-
blance to the typical concepts associated with a polymer. The primary differences

between polymers and colloids lies in the complex architecture of polymer molecules



that give rise to several degrees of freedom. For colloidal particles these degrees of
freedom can be ignored and traditional descriptions of hard spheres, can be used to
describe these properties in suspension. However to describe polymer behavior one
has to resort to a statistical mechanical approach.

In solutions that contain both colloidal particles and polymers, the bulk properties
of the solution are strongly determined by the particle-polymer interaction. This
alters the particle-particle interaction which ultimately affects the macroscopic phase
behavior of the complex fluid. Moreover, particle-polymer interactions also lead to
changes in the dynamical properties of these mixtures that affect the rheology of these
materials. The potential between polymers and particles can be broadly classified into
two categories — attractive and repulsive interactions. In the first case the polymers
adsorb onto the surface of the colloidal sphere, creating localized regions of high
polymer concentration. In the repulsive case, we find that the colloid particles are
surrounded by a region of low polymer density, called a depletion region.

Within the broad categories of attractive and repulsive interactions, there are sev-
eral interesting variations that can be found. These arise due to the specific nature
of the interactions. For example, the polymers in solution may contain an end group
which forms covalent bonds with the molecules on the surface of the colloidal bead.
This scenario leads to the formation of a brush-like layer on the particle surface,

and is a technique that is often used to sterically stabilize particles. In industrial



solutions of high ionic strength, colloidal particles tend to aggregate due to van der
Waals interactions. A layer of polymer on the surface prevents the beads from getting
close enough to feel these forces. Another interesting polymer-particle interaction re-
sults when the end group on the two ends of a linear polymer molecule can bind
irreversibly to the colloid surface. This leads to bridging between different colloidal
beads to form gel like networks. Often industrial materials need to exploit the elastic-
ity of polymeric substances while maintaining a rigid shape and use such interactions
to introduce colloidal particles into the interstices of polymer networks. Attractive
interactions between colloidal particles need not be as specific as the ones described
so far. Polymers may adsorb onto the colloidal particles anywhere along its backbone.
This leads to an increase in the particle hydrodynamic radius which changes with the
polymer concentration. An interesting example of binding along the backbone can be
found inside cells. The cell is faced with the problem that large quantities of genomic
information carried by DNA need to be efficiently packed into a small volume. It
is believed that one way in which this is achieved is by wrapping the DNA around
histones (globular proteins that are colloid-like). This process is thought to be driven
by the electrostatic affinity between polymeric DNA and colloidal proteins.
Solutions in which the colloids and polymers repel each other, lead to attractive
interactions between the colloidal particles. Colloidal aggregation can occur in non-

adsorbing polymer solutions since the increase in osmotic pressure due to exclusion



of polymer from the depleted regime leads to attractive forces. These effects are
discussed in detail in Chapter 3. Interesting examples of the depletion effect can
be found in biological systems. Adhesion between lipid bilayer membranes has been
attributed to the depletion effect. Binding between antigens and antibodies is also
attributed to depletion driven aggregation effects. Technologically the depletion effect
can be used to aggregate colloids in a controlled way and may prove to be useful for
protein crystallization techniques.

The strength of the interactions between colloids and polymers depends on the
specific nature of the attraction. The energy of interaction usually ranges from being
sub-kpT in solutions where entropy is the dominant mechanism to 300kzT in systems
where covalent chemical binding effects are prevalent. Various instruments such as the
surface force apparatus and atomic force microscope have been used to measure these
particle-polymer forces. However the force resolution of most of these techniques is
limited (the magnitude of the forces measured are over a piconewton), even though
the spatial resolution ranges in the angstrom regime. As a result, extensive studies
have been carried out on systems in which polymer-particle interactions are fairly
strong, however the weaker entropy dominated interactions are still not understood
(a few examples can be found in Refs.[3, 4, 5, 6, 7] . Moreover these experiments
mimic colloid-polymer suspensions by replicating the material properties, but rarely

the geometries. Large flat walls, or slightly curved ones, are used as model systems.



Experiments that directly probe the characteristics of the suspension include scatter-
ing techniques and visualization techniques that monitor the macroscopic changes in
phase behavior when the system parameters are altered. Both these techniques. use
indirect means to qualitatively determine the microscopic interactions. More recently
optical techniques using tweezers and total internal reflection microscopy are being
used [8, 9]

In this thesis we focus on the femtonewton forces that arise in non-adsorbing poly-
mer colloid solutions, that have evaded many measurement techniques. As a result,
interactions between colloids and polymers are poorly understood, despite the fact
that each of the individual components has been extensively studied. We present di-
rect measurements of the depletion forces in a model system consisting of polymeric
DNA and silica particles [10]. In the following chapters we discuss the entropic attrac-
tions in DNA solutions. In the first chapter we discuss the details of polymer theory
that are relevant to our experiments. In particular we discuss the derivation of the
state diagram that is important for our analysis. In the next chapter, Chapter 3, the
mechanism that drives depletion in polymer solutions is discussed. We derive a mean-
field depletion potential and compare it with the phenomenological Asakura-Oosawa
model. The techniques used in this thesis to study these interactions in DNA systems
is described in Chapter 4. Details of the optical tweezer, video microscopy and DNA

preparation techniques is presented. The results from these measurements form the



core of Chapter 5, where the subtleties of the measured potentials are discussed. The
qualitative and quantitative aspects of the data are analyzed and discussed in context
with the polymer depletion models. The implications of the measured energetics and
structure on the dynamics of beads in polymer solutions is explored in Chapter 6.
We obtain non-Stokesian diffusion behavior which highlights the importance of the
correlation cavity in polymer solutions. We conclude with a summary of our findings

and explore the new systems that we could study in the future.



Chapter 2

Introduction to Polymer Theory

Polymers form the building blocks of both technologically and biologically important
materials. Efforts to create new polymer molecules with novel material properties
are always underway [1]. In addition recent investigations into biopolymers, such as
DNA, proteins, actin, etc. {11, 12, 13], promise to introduce new classes of materials
with wide-ranging applications. To understand what distinguishes these materials
from traditional solids and liquids we need to examine the rich variety of chemical
and physical properties displayed by polymer molecules. This chapter addresses the
theoretical aspects of the physical properties of polymer solutions, with an emphasis
on understanding the properties of DNA.

The basic unit that makes up a polymer is called a monomer. These molecules
form repeating units that are chemically linked together to form a chain (14, 15,
16, 17]. For example, polystyrene, a common ingredient in coffee cups and packing

peanuts, is a chain formed out of the hydrocarbon, C¢HsCH = C H,, commonly called



Common Name | Acronym Repeat Unit Conformation
Polystyrene PS CsHsCH =CH, Linear
Poly(ethyl) PMMA -CHy, - CH,; — O- Linear

Deoxynucleoribose DNA AGC,T Circular,Linear

Actin f-actin g-actin rod-like

Poly-Aspartic Acid Asp CH, - COOH Branched

-CH(NH,») - COOH-
Glycine Gly C - CH(NH,) - COOH Branched

Table 2.1: Examples of common synthetic and biological polymers [1].

styrene [1]. The simplest linking structure for monomers, is a linear chain, however
other topological constraints can be built in. For example, bacterial plasmids are
linear chains which are joined on the ends to form a macromolecular ring [18]. Chains
can also tether to a central unit to form star polymers or randomly attach at different
junctures to form dendrimers, or branched polymers. In either case, the multiply
connected molecules give rise to structural properties which have length scales and
time scales that are very different from those seen in simple liquids and solids.

In this chapter we develop the formalism to understand the solution properties
of polymeric molecules. Polymers in solution are free to adopt a large number of
conformations. Unlike a single point-like molecule that usually has only translational

degrees of freedom in solution, a polymer molecule enjoys additional freedom because
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it can rearrange by bending and twisting at its multiple joints. Understanding this
increased phase space is crucial in elucidating the role of polymers in macromolecular
systems. We focus on the properties that arise due to the tertiary structure of the
moiecule, i.e. the long range spatial structure of the polymer. For example, a DNA
molecule has a primary structure that is determined by the exact sequence of base
pairs and a secondary structure that is controlled by short range order such as the
helical twists. But the conformation adopted by the DNA molecule is controlled by
the long-range order between links [17]. These structures give rise to novel interactions
in crowded macromolecular solutions.

We first develop the tools needed to describe the conformational properties of
macromolecules. We then address the issues that arise as interactions between links
and ultimately between different polymer coils start to dominate. Both a self con-
sistent mean field approach and scaling arguments are used to address the problem.
Finally, in last section we highlight the different physics that arises in polymer solu-
tions as the long range order of the links is altered - a situation that often arises due

to changes in the chemical environment of the macromolecule.

2.1 Isolated Polymer Coils

The shape of a polymer chain in solution is much like the trajectory of a drunk who

is limited to taking a finite number of steps. The radius of the area explored is
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Figure 2.1: An ideal polymer coil, with a segment length, [; and a monomer diameter
d. The end-to-end distance, R is also shown.

easily calculated, even though there are numerous paths that the drunk could take.
In the absence of external forces, the polymer does not extend out to its full length
but it adopts a random coil configuration. The numerous configurations available
to a polymer coil in solution makes a statistical description of its characteristics
particularly useful.

The polymer coil can be modeled by a random walk [19]. Each repeating unit (or
monomer in the simplest case) is treated as a step of length, /, and the number of steps,
N is equal to the degree of polymerization. The end-to-end molecular displacement

vector, R is given as the vector sum of all steps, I;,

R=Y1 (2.1)

If the motions of nearby monomers are uncorrelated, < I; - 1; >= 0; (i # j), the mean

square end-to-end distance which describes the characteristic size of the molecule is
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given by

<R?>= N2 (2.2)

A polymer that can be described by this simple picture is usually referred to as an
ideal polymer or a Gaussian coil. The latter name arises because the distribution
function, (R, N) that describes the probability that a polymer of N links has an

end-to-end vector, R, is Gaussian, i.e.,

3 3/2 ,_3R2
@(R,N)=(2mz) eawiz), (2.3)

The random walk model provides a powerful tool for describing polymer behavior
in solutions. However it also implies that the polymer links are capable of exploring
all space. This assumption rests on the fact that the chemical joints between links
are such that the links are free to rotate through arbitrary angles (N.B.: this gives
rise to another commonly used name - the freely jointed model). This is usually not
true for typical joints between monomers. Correlations between angular motions of
the monomers vanish exponentially on a length scale called the persistence length,
lp. Physically the persistence length, is the length along the chain over which the
memory of the chain direction is maintained. Since this correlation ‘persists’ in two

directions from any point on the chain, the Kuhn length, I is introduced and defined

as:

I =21, (2.4)
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The Kuhn length is used as the new random walk step length. It also plays an
important role in determining the flexibility of the polymer, which in turn leads to
significant changes in the bulk behavior of the polymer as will be described later.
The real polymer is now readily described as a random walk with renormalized
segment lengths and effective links. For a given polymer of length L and persistence

length [,, the number of links is
Neg = L/21, (2.5)
and the mean end-to-end distance is
< R? >= 4Negl? = 2Ll, = Li. (2.6)

An alternative and equivalent way to describe the polymer is the bead model [17].
In this model the polymer is taken to consist of finite sized beads at representative
points along its length, separated by massless filaments. The points are chosen far
enough apart so that the correlations between them are Gaussian. In other words
they have to be further apart than a Kuhn length. The number of such beads is found
by dividing the total length of the polymer by the length of the connecting filaments.
Once again the mean square end-to-end distance is given by =~ Nye.qa?, where a is
the distance between the beads.

Experimental probes have verified the validity of these theoretical models. Scat-

tering techniques, using both light (20, 21, 22] and neutrons [23, 24, 25] have probed
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the radius of gyration, Rg of the polymer coil. Viscometric measurements[20, 26|
have also been used to determine the effective size of the polymer coil however these
techniques usually probe the hydrodynamic radius of the coil. Both the radius of
gyration and the hydrodynamic radius, Ry, are probes of the second moment of the
probability distribution given in Eq. 2.3. They can be related to the mean square

end-to-end distance < R? > through constants which are given by

R% = % <R?>; (2.7)

/31r
2 2

The differences between these two measurement techniques are highlighted in Fig. 2.2.
We see that any measurement involving liquid flow effectively penetrates further into
the polymer coil whereas measurements sensitive to steric configurations probe the

radius of gyration.

2.2 Non-Ideal Behavior

In a real polymer solution it is often difficult to find an ideal polymer coil. Interactions
between the links cause significant deviations from the Gaussian nature of the chain
statistics. In this section we explore the fine balance between the different interactions
- steric, chemical, and electrostatic, that determine how the polymer coil swells or
collapses into a globule. We include the Flory results that are traditionally used to

describe the change in polymer size due to link interactions and discuss the different
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(a)

Figure 2.2: A comparison between the different sizes that can be measured for a
polymer coil. In figure (a) we see the extent of the polymer coil which measures
the maximum displacements between links. However scattering techniques probe a
smaller size given by the second moment of the probability distribution P(R) (see
Eq. 2.3), i.e. the radius of gyration which is shown in (b). Viscosity measurements
probe the hydrodynamic radius (c) which is smaller than R, since the solvent pene-
trates further into the polymer coil, feeling a smaller effective radius.
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methods that are used to characterize these effects in polymer solutions.

Link-link interactions are usually described as repulsive on short length scales and
attractive on longer length scales. The repulsion arises from steric effects; the primary
consideration being the fact that each link occupies a finite geometric volume, and
thus excludes other links from this region. The link attraction typically results from
Van der Waals forces. The competition between these two effects leads to an effective
interaction potential between links such as the one shown qualitatively in Fig. 2.3.
These interactions primarily reduce the available volume for the polymers and as a
result are usually called excluded volume effects. A modified random walk calculation,
called a self avoiding random walk model (SAW) [16] in which links are not allowed
to cross or overlap, is used to describe such polymers. This serves as an important
model for computer simulations on polymer configurations.

The most obvious effect of self avoidance is to change the scaling behavior of the
coil with respect to V. In the ideal case we found that the size of the coil scaled with
link number as N'/2. When excluded volume interactions are included we find that
the size scaling goes to N3/3. This was first shown by Flory [14, 15], using simple
energy arguments. He showed that the free energy of a Gaussian coil is directly
proportional to the mean-square end-to-end distance, < R? > (this can be derived
from Eq. 2.3 by using the fact that the free energy is related to the entropy through

Fg x —kgTlhhd® 237%25). Thus any increase in size produces an inhibiting elastic
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u(r)

Figure 2.3: A typical link interaction potential. The attractive well is usually at-
tributed to Van der Waals forces.

force. The effects due to interactions were included through a virial expansion of the
free energy. The interaction energy in the volume occupied by the coil is given by,
Fint ~ kgTve®R3 = kgTuN?/R3, where ¢ is the average polymer concentration and
v characterizes the excluded volume effect and is weighted by the polymer density,
N/R®. The combination of the entropic effects from coil expansion and the excluded

volume interactions give the total free energy, F as

3R2 + uN?
2N R3

F/kgT = (2.9)

Minimization of the free energy with respect to R yields a Flory radius, Rr, which is

given by

Rp o v/31P5N3/5, (2.10)
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Though not exact, the model comes close to describing a swollen polymer coil. More
sophisticated renormalization group theory predictions calculate the exponent of N
to be 0.588 [27, 28].

Let us elaborate further on the contributions to the free energy that result from
the excluded volume effects. Just as corrections to the ideal gas model are expressed
in terms of virial coefficients which account for molecular interactions, similarly, ex-
cluded volume interactions between links in a coil can be incorporated into polymer
theory. The free energy of a polymer coil can be expanded in a concentration series

to include the effects of interactions. The virial expansion is usually written as
F/kgT = (c/N)In(c/Ne) + Bc? + Cc® + ... (2.11)

where B and C are second and third order virial coefficients, respectively and c is the
monomer concentration. The corresponding osmotic pressure is given by II/kgT =
¢/N + Bc? + 2Cc® + .... The second virial coefficient is defined by the usual binary

cluster integral (see Appendix A) which is given by
B(T) = (1/2) [ dr(1 - e~*V/kaT) (2.12)

where u(r) is the interaction potential between links and r is the relative separation
between links. A typical interaction potential is shown in Fig. 2.3. We see that at
short distances the potential is dominated by a large repulsive barrier that arises due
to steric considerations. As the inter-link distance is increased this gives way to an

attractive region which results from Van der Waals forces.
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We can calculate the second virial coefficient by decomposing the interaction po-
tential into two parts [29]. The well defined minimum at r,, can be used to define
two regimes. At distances under r, the potential is primarily repulsive, i.e u(r) — oo,
but at larger separations the potential is attractive. This attractive regime can be
modeled by the r® dependence shown by Van der Waals potentials. We can rewrite

the integral in Eq. 2.12 as
To 0 o
2B(T) = 41r[d1‘1°2 + 41r/drr2[1 — eBT(7)] (2.13)
0 To

where € represents the depth of the potential at equilibrium. A straightforward inte-
gration shows that the first term yields the volume of a link, (4773/3). The second
term is evaluated in the limit in which T >> ¢, in which case the exponential can
be expanded as, 1 + ¢£:(%)€ + .. to yield, ~ — 5575 Thus we see that the sec-
ond virial coefficient goes from being a positive number to a negative number. as
different regimes of the interaction potential become important. This often leads to
instabilities which in polymer solutions might drive the coil-globule phase transition.

In a polymer solution, temperature changes control the interaction between the
links. Not only can these changes be brought about by adding heat to the solution
but also by changing the chemical environment through the background solution. The
temperature at which the second virial coefficient is zero is termed the ©-temperature.

At this temperature the excluded volume effects are effectively canceled by the link

interactions since B is identically zero. Deviations from this temperature are charac-
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terized by the parameter, 7 [17], which is defined as

(T-9©)

5 (2.14)

T

At temperatures where T >> ¢/kp, the second virial coefficient is positive, and is
dominated by the first term in Eq. 2.13, i.e. B = v, where v is the excluded volume
of the polymer link, v = (4/3)nr3. The polymer molecule never feels the attractive
well and interactions are controlled by the repulsive barrier. As the temperature is
decreased it approaches, the ©O-temperature where the second virial coefficient is zero.
Around this region Eq. 2.12 can be expanded and B is found to increase linearly with
T, Le. B ~ vr. However as the temperature continues to fall the polymer molecule
lies close to the equilibrium position, r, in Fig. 2.3 and the attractive region in the
interaction potential starts to dominate leading to the formation of globules. The
second virial coefficient is found to be proportional to —ev/kgT in this case.

The interaction between the links arises due to solution mediated forces. In so-
lutions where the interactions are purely repulsive, i.e. when B > 0, it is easy to
suspend a polymer molecule, giving rise to the name ‘good solvents’. On the other
hand solutions in which, attractive interactions dominate are called ‘poor solvents’
since the polymers are likely to form globules and condense out of solution. The
intermediate solution in which there are no link interactions are called ©-solvents.

For a polymer solution, the implications of the changes in the second virial coef-

ficient can be seen in the coil size. If repulsion dominates, then the coil size appears
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larger. If attraction dominates, then the coil can appear condensed. Thus one way
to determine the solvent quality is to look at the ratio of the measured size and the
calculated ideal (Gaussian) size. This ratio is called the swelling parameter [17] and

is given by

2
2_<Ractua.l>

=T (2.15)

(0]

Thus if o® > 1, the polymer coil is swollen, if a? = 1 then it is ideal and if a2 < 1 it
is a globule.
If the excluded volume parameter is small then the mean end-to-end distance can

be expanded in terms of B [17]. This results in
< R*>= NP1+ (4/3)z + ... (2.16)

where z is defined in terms of the microscopic variables, N, !, and B as

332 B
z= 25 NW[? (2.17)

Physically, the z parameter can be understood as the number of binary collisions,
(~ Nxwvol.fraction), in the coil with B as the weighting factor for these collisions. We
discuss the role of the second virial coefficient in describing macromolecular solutions

in the next section.
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2.3 Many Polymer Coils

In the previous sections we discussed the models used to describe an isolated polymer
coil in solution. However real polymer solutions contain many polymer coils, and
interactions between these coils have to be considered in order to describe the prop-
erties of the polymer solution. We discuss the different theoretical approaches used
to describe such polymer solutions, in particular we focus on the self-consistent field
theoretic methods. We also compare the mean field arguments with scaling argu-
ments that are traditionally used to describe polymers. These results form the basis
for discussing and developing depletion models in the chapters to follow.

In order to determine the effect of interactions between coils we need to quantify
the number of coils present in the solution. This is usually done by measuring a
polymer density or volume fraction. The density of polymers in solution is described
equivalently by the number density of monomers, ¢, or the polymer coil density, n.

The two quantities are related through the degree of polymerization, N, by
c= Nn. (2.18)
Another useful dimensionless variable is the volume fraction which is defined as
® =cv=nNv (2.19)

where v is the volume occupied by a link, (4w!3/3). Experimentally most polymer

weights are expressed in terms of a weight per unit volume, or p = ﬁ%n, where My,
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is the molecular weight and N, is Avogadro’s number.

Polymer solutions can be divided into three regimes depending upon the number of
coils that are present in solution. In a dilute solution, the polymer coil concentration
is small, and we can still use the characteristics of an isolated coil such as the size
and osmotic pressure it exerts, to describe the solution. However as more polymer
is added to the solution the chains begin to overlap and the polymer solution enters
the so-called semi-dilute regime. The overlap concentration, ¢* marks the cross-over

concentration. It is defined as
4T
¢ = N/(—3—R3), (2.20)

where R is the effective size of the polymer coil. For example in a solution containing
Gaussian coils, R = Ry, but in a solution where the coils are swollen the size would
be determined by the Flory radius, Rr. In either case the crossover concentration
describes a system of close-packed spheres, whose effective diameter is given by the
characteristic size of the polymer. Beyond c*, the physics of the solution changes as
entanglement effects come into play. Collisions with other polymers lead to the origin
of a new length scale, the correlation length, £, which describes the average spatial
distance between entanglement points (see Fig. 2.4). On length scales under £ the
polymer can still be modeled as a random (or in the case of a non-ideal polymer a self-
avoiding) walk, but on larger length scales the presence of the surrounding polymers

must be taken into account.



24

Figure 2.4: The correlation length in a semi-dilute polymer solution. It describes the
mean distance between entanglement points.

Equivalently a semi-dilute polymer solution can be described as a close packed
system of ‘blobs’, the mean size of which is given by the correlation length [16, 17, 30].
Within a ‘blob’ the polymer still behaves as an independent coil. Moreover since there
are no correlations beyond the length scale, £, the blobs are statistically independent.
This apparent dichotomy between a close packed system and an ideal gas like behavior
is an important concept in polymer theory which we will revisit many times through
this thesis.

The polymer volume fraction in the semi-dilute regime is still very small. At
c*, which scales as N~%3 in a good solvent and x N~Y2 in a ©-solvent, the vol-
ume fraction, is only = 10~2 and 2 107, respectively, for a polymer with a high
degree of polymerization, i.e. N = 10°. As this volume fraction is increased and

approaches unity, the polymer becomes heavily entangled, and the solution becomes



25

concentrated. Polymer solution properties can now once again be described by Gaus-
sian statistics since crowding overcomes the excluded volume effects. This is counter
intuitive but a detailed examination of the link interactions (see Ref. [16]) shows that
the repulsive and attractive components exactly cancel each other as the monomer
concentration is increased. Fig. 2.5 summarizes these three different regimes along
with the corresponding density fluctuations that are typical in each regime.

We concentrate in this thesis on theoretical descriptions of the dilute and semi-
dilute regions. In each of these regions we discuss the scaling properties of the osmotic
pressure, and the correlation length. However we first briefly review the different

theoretical approaches that have been used to describe polymer solutions.

2.3.1 Theoretical Models for Non-Ideal Polymers

Historically, polymers in solution were first described by Flory via a mean field theory
[14, 15]. The theory was further developed and brought to its present state by S.F.
Edwards [31]. However an alternative approach called scaling theory, was put forth
by DeCloiseaux [32] and DeGennes[16] to account for the discrepancies that arose be-
tween experiments and mean-field predictions. More recently, renormalization group
ideas(16] have been applied to polymers to obtain a greater degree of accuracy. We
briefly discuss these approaches and their range of applicability.

The self-consistent mean field approach assumes that there is a single macroscopic
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Figure 2.5: The different concentration regimes of a polymer solution. The cartoons
in column I represent snapshots of polymer coils in solution. In Column II we see
the concentration profile along a slice through the solution. The solid black line in
Column II depicts the average monomer concentration of the bulk solution. In (a) we
see a dilute solution which has large fluctuations around its mean concentration value.
The fluctuations are reduced in the semi-dilute solution, (b), but can still produce
large effects on polymer properties. In the concentrated solution, (c), the fluctuations
around the mean concentration are very small.
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state that is more favorable than others. The system finds this state and does not
fluctuate. This state can be found by variational methods applied to the free energy
of the system. For example the excluded volume effect discussed in the previous
section can be modeled as a self-consistent field, U(r) [16] (N.B.: There is no physical
external field, like a magnetic field, however the interactions play a similar role in the
free energy of the system). The repulsive interactions between links can be written

as

U(r)/ksT = ve(r) (2.21)

where ¢(r) is the monomer concentration distribution and v is the excluded volume
parameter (N.B.: The above equation is equivalent to Eq. 2.11 in the athermal limit.)
Minimization of the free energy with respect to the concentration yields an equilibrium
. distribution of monomers which can be used to recalculate a new effective field and
a subsequent new equilibrium concentration distribution. This iterative procedure
eventually converges to a self-consistent potential. The fact that this is usually carried
out under the assumption that the system can be modeled by an average concentration
(even though it may not be the case, as was shown in Fig. 2.5), makes it a mean field
calculation.

The mean field calculation ignores correlations between monomers and this limits
its range of applicability to fairly dense polymer solutions. For example, a mean field

description of a dilute system ignores density fluctuations; the approach includes
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effects due to < ¢ >2 but not due to < ¢2 > . The scaling approach [16] attempts
to include effects that arise due to correlations between density fluctuations. It is
based on arguments generally used to describe fluctuations near a second-order phase
transition such as those that arise in magnetization in ferromagnets near the Curie
point. The macroscopic properties of the polymer system are found to exhibit power
law behaviors in which the critical exponent does not depend on the microscopic
characteristics of the system. Reasonably simple arguments based on this approach
give remarkably accurate descriptions of polymers in regimes where fluctuations are
important.

However the primary drawback of scaling theory is that it fails to predict prefac-
tors and constants measured in experiments. More recently, renormalization group
methods [16] have been used to provide a rigorous, quantitative description of poly-
mer behavior. These methods rely on the fact that the polymer can be divided into
multiple blocks, which are used to calculate polymer properties. The size of these
subdivisions are increased, and after each increment the polymer properties are re-
calculated, until the properties converge to a stationary point. A detailed description

of these theoretical methods can be found in Ref.[16].
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The Self-Consistent Mean Field Approach

In this section we elaborate on the methods used in the self-consistent mean field
approach, since it can be used to describe most of our experimental observations.
The mean field approach is commonly employed to describe the free energy of a
polymer system, which in turn is the starting point for calculating various macroscopic
properties exhibited by the solution. We use a Green’s function approach to describe
the different configurations that can be adoptgd by a polymer coil and find that the
function conveniently satisfies a Schréedinger-like equation. This enables us to utilize
the well known techniques of quantum mechanics to calculate the free energy and
other properties of the polymer solution.

For an ideal polymer the spatial correlation between two points, r; and r;, located
on a chain is Gaussian, i.e ggaus(ri, ;) ~ ezp[—3(r; — r;)?2/2/%]. However, in the
presence of excluded volume effects, which can be modeled as an effective potential
(Eq. 2.21) in the self-consistent mean field picture, the probability distribution is
modified by the Boltzmann factor, e%% We denote this new probability distribution
as, g(r;,r;) ~ e{'(Er‘T') 9gauss(Ti, T;), where, i and j are two points on the polymer chain.
In order to calculate the partition function for a coil with fixed ends, we need to sum

over all the co-ordinates of the intermediate points, d3r;. This function is a Green’s

function, and it represents the statistical weight attached to a chain of N links that
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starts at r and ends at ry. It is given by
Gn(rn,r) = /g(l'N,1'1)9(1’1,l‘z)---g(l'N—ur)dl‘l---dl‘N—l (2.22)

The Green’s function satisfies the differential equation

8GN(1'N, l') _ _U(l‘)
ON " kgT

2
Gulrw,x) + =V?Gn(rw,) (2.23)

where [ is the link length, and N is the number of links in the polymer chain. A
detailed derivation of this can be found in several texts [16, 19].

We see that Eq. 2.23 closely resembles the Schréedinger equation from quantum
mechanics. A direct analogy can be drawn between N, the number of links in a poly-
mer and the time variable in quantum mechanics. The Green’s function, Gy(ry.r)
and wavefunction ¥, are the coherent superposition of the amplitudes of the different
paths followed by polymer links and particle wavefunctions respectively. This anal-
ogy allows us to draw from the numerous concepts and solutions that are well known
from quantum mechanics. For example it is possible to write the right hand side of

Eq. 2.23 as an operator, H, with a set of eigenfunctions, u;, such that
Hug = €xui (2.24)
where the operator is defined as

H=—(%/6)V?>+U(r)/ksT (2.25)
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Here ¢, is the eigenvalue of the operator, . Thus the Green’s function can be

expanded in terms of the these eigenfunctions to yield
Gn(rw,r) = / dkut (ry)ug (r)e Ve (2.26)

We see that this sum is dominated by the lowest value of ¢; or the ground state, ¢,.
This is usually referred to as ground state dominance, and the eigenfunction ug is
usually renamed #(r). In the self-consistent mean field approach, it is assumed that
the polymer always finds this state.

Just as in quantum mechanics, one can now use this result to calculate physical
observables. For example, to calculate the link concentration in a polymer solution,
c(r), we calculate the sum of all paths from r to r’ in M steps, and from r’ to ry
in N-M steps. Finally we sum over all possible intermediate steps, M. This can be

written in terms of the Green’s function as
e(r) =3 / dr’ / dr"G(r', t) MG (r, *") N — 1t (2.27)
M

Assuming ground state dominance, i.e. Gy(r, ') ~ uj(r)uo(r’)e V¢, the above equa-

tion can be rewritten as

) Z / dr’ / dr'ug(r')uo(£)ug(r)ug (r")e~ N (2.28)

= const.up(r)ug(r)

uo(e)|” = ([
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Conceptually, if we look at the point r the concentration is determined by both the
number of chains that are coming to the point as well as those that are leaving. This
leads to the |¢(r)?| dependence since we need a Green'’s function to get the chain to
r and another one for the chain to proceed from that point onwards.

We now return to calculating the free energy of the system. We first do this for
the simple case when there are no interactions between the monomers, i.e. U(r) = 0.
The contributions to the free energy in this case arises solely from the conformational

entropy of the system. The free energy can then be written as

F/ksT = [ dry’ (z)Hov(x) (2.29)
12
= [ drw(e)(v2u(x)

= const — g/dr(vw(r))2

We see that in the absence of interactions the free energy is dominated by the con-
formational entropy of the coil and reproduces the ideal coil result.

The effects of the interactions can be included by adding the self-consistent po-
tential U(r) to Eq. 2.29. In addition the total free energy of the polymer coils also
contains entropic contributions from the translational free energy of the monomers.

Including both these effects allows us to write the total free energy as
5 1/2\2 c(r), re(r)
F/ksT = U(r)/ksT — = / dr(Ve(r)?)? + Sin(S0) (2.30)

where we have utilized Eq. 2.28 to replace the ground state eigenfunction, v¥(r).
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The first term represents the internal energy of the system and includes excluded
volume interactions (N.B.: it can also include effects due to external constraints, like
a repulsive wall); the second term is the entropy loss due to the connectivity of the
links and the third term represents the translational entropy of the polymers. We
will use this development of the free energy extensively to derive physical parameters

for polymers within this approximation.

Physical Properties of Polymer Solutions

In this subsection we will calculate the osmotic pressure and the characteristic size
of the polymers in solution. We divide our discussion into two parts; the dilute
regime and the semi-dilute regime. The semi- dilute regime is described by both field
theoretic methods and scaling theory.
I. Dilute Solution

In a dilute solution the polymer chains are far apart and their statistics can be
modeled after the properties of an isolated coil as discussed above. In addition to the
spatial dimensions of the polymer coil one can look at the osmotic pressure that is
exerted by a chain. As in the case of an ideal gas the osmotic pressure for a Gaussian

coil is given by

C
I = ksT (2.31)

If interactions are to be taken into account a virial expansion can be used, and the
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osmotic pressure is written as
I/kgT =¢/N + B +2Cc® + ... (2.32)

where B and C are the second and third virial coefficients, respectively.
II. Semi-Dilute Solution

The semi-dilute region can be described by both the self-consistent field method
and the scaling approach. Both theories predict qualitatively similar behavior, but the
exponents with which physical properties scale, do not agree. The self-consistent mean
field approach does not account for fluctuations, but is a valid theory for polymers
in which density fluctuations are not important, such as semi-flexible polymers. This
will be discussed in detail in the last section. Most experimental deviations from the
mean-field theoretic predictions are accounted for by the scaling method.

Self Consistent Field approach

We calculate the osmotic pressure of the polymer solution using a Flory Huggins
approach wherein the concentration distribution is assumed to be a constant, i.e.
¢(r) — c. This approximation ignores the connectivity of the links, and assumes
that each monomer behaves like a free gas molecule. This implies that there are no
contributions to the entropy due to the connectivity of the chain, i.e the (Vc!/2)? term
in Eq. 2.30. In the Flory-Huggins model link connectivity is included by calculating
the free energy on a lattice which restricts the positions of the links to a handful

of sites. However the entropy of the system does contain contributions from the



35

translational entropy of the polymer molecules and the translational entropy of the
solvent molecules. The total entropy of mixing, Sy can be written in terms of the

polymer volume fraction ® as

toti:l = kB %lﬂ(ﬁ + kB¢solventln¢solvent (233)
= kp'PIn(cv) + kp(1 — cv)In(1 ~ cv)
The internal energy contribution to the free energy contains monomer-monomer in-

teractions, monomer-solvent interactions and the solvent-solvent interactions. It is

given by
E™ = kBT(Xmm(Cv)2 + XmscU(1 — cv) + Xss(1 — w)2) (2.34)
where, Xmm represents the monomer-monomer interaction strength, x., describes the
monomer-solvent interaction and x,, represents the solvent-solvent interactions. Each
is weighted by the appropriate concentration of the species involved in the interaction.
These different interaction strengths can be combined together and written as
X = Xms = (1/2)(Xmm + Xss) (2.35)

which is called the Flory parameter. It is related to the excluded volume parameter,

v, discussed earlier through
v=(x—-1/2)83 (2.36)

The entropy, (Eq..2:33), and the internal energy, (Eq. 2.34) can be combined to give

the total free energy, through the thermodynamic relationship, F = E — T'S. Since
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the concentration of monomers is very small even in the semi-dilute region, we can

expand the free energy in small volume fraction, cv to give
cv 1 2 1 3
F~ kBT'Nln(C'U) + kBTa(C'U) (1-2x) + kBTE(C'U) + ... (2.37)

The osmotic pressure, II, can be calculated from the free energy by using the ther-

modynamic relationship, I1 = (¢)3—5 — F, which yields

cv

H=kBTN

kBTé(l - 2x)(cv)? + .. (2.38)

We see that as the volume fraction approaches zero we retrieve the ideal gas law,
I1/kgT = ¢/N, and as the concentration is increased the effects of the second order
terms start to dominate.

The free energy given in Eq. 2.30 can also be used to calculate the correlation
length of the entangled polymer solution in the semi-dilute regime. This is usually
done by examining the correlations between concentration fluctuations that are in-
duced due to small perturbations. The effect of the fluctuations can be calculated by
expanding the concentration fluctuations around the equilibrium concentration value.
This can be understood by looking at a harmonic oscillator system. In the mean field
approach the average polymer concentration corresponds to the equilibrium position
for a particle in a harmonic well. Small forces acting on the particle would lead
to excursions around the mean value and can be modeled by inclusion of quadratic

terms in the particle’s potential. Similarly an expansion of the polymer concentration
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around the mean value allows us to characterize its response to the perturbation. The
application of mean field calculations to correlation predictions is called the random
phase approximation.

We return to Eq. 2.30 and examine the results in the random phase approximation
to calculate the effects of fluctuations. The polymer concentration, ¢(r), is expanded
around its mean value by setting c(r) — ¢ + éc(r). and assuming that the mean
concentration, c is uniform throughout the solution. Substituting this expansion in

Eq. 2.30 yields,

(c + dc(r)) In (c + d¢(r))

F=[rE() - %F(V(w 6c(r))'/?)? + T Ne

(2.39)

Since the deviations from the mean are small we can Taylor expand the concentration

and rewrite Eq. 2.39 as,

2 2
F = Fyc) + /dr——(écg)) (%Hc-) + -2T4ic

(Vée(r))? (2.40)
where only terms of order éc have been retained and Fy(c) represents the unperturbed
free energy. We have also used the fact that %—E x %’i + 1/N. The expression can

be simplified by grouping the first two terms and redefining the coefficient as

2,011
£ = E(%) (2.41)

which allows us to write down a simplified version of Eq. 2.40 as

F =F(c) + -gzl:—; d3r_(_6c§2;))2 + (Véc(r))? (2.42)
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From the above equation it is easy to see that in order to minimize the free energy the
last two terms should equal zero. With a little bit of rearrangement and integration
by parts (see Appendix B) this minimization yields an Ornstein-Zernicke like equation

for éc(r),
V35c - (1/€%)6c = 0. (2.43)

The above equation is similar to the Debye-Hiickel equation in electrostatics, and the
inherent length scale, £ plays a similar role as its electrostatic counterpart. We can use
the Flory-Huggins approximation in which the osmotic pressure at low concentrations

is given by Eq. 2.32, to explicitly write the correlation length as
£ = (1*)/12(2Bc + 6Cc®> + 1/N) ™! (2.44)

where, B and C are the virial co-efficients discussed in Section 2.2 and [ is the link
length. This mean field description of the screening length was first quantitatively
calculated by S.F. Edwards [30]. Once again this is a useful description for entan-
gled polymer solutions in which the concentration fluctuations are small, i.e ¢ < c,
allowing the use of a perturbative treatment.

Scaling Approach

We can repeat the analysis for the predictions above by using a scaling argument.
In this approach it is assumed that the ratio of the concentration to the critical

overlap concentration, i.e. c/c* is a fundamental parameter that defines the scaling
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properties of the polymer solution. All polymer properties can be expressed as a
power law of this fundamental parameter. The exponent that determines the scaling
of the different polymer properties are determined by imposing two conditions - the
results should smoothly approach the dilute solution predictions and they should be
independent of the degree of polymerization, N, since the memory of the original
chain is lost in the semi-dilute regime.

To calculate the osmotic pressure, we assume that II is related to the ratio c/c*

through a critical exponent, m, and is given by

ITx (c/c")™ (2.45)
When used in conjunction with, ¢* o« N~3, the above equation can be written as

I oc ™ N4™/5-1 (2.46)

By requiring the osmotic pressure to be independent of N, we calculate m = 5/4.
This yields

I = Kc¥*. (2.47)
where K is an undetermined multiplicative constant. The osmotic pressure scales
with concentration as 9/4 which is different from the mean field result obtained earlier

(Eq.2.38), where IT ~ ¢2. The difference arises from the inclusion of correlation effects.

An entanglement length for the semi-dilute solution can be calculated in a similar

manner. By constraining the expression to be independent of N, as well as requiring
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the value to approach a Flory radius, RF, at c*, gives
§ = Rp(c/c")™%/* (2.48)

Once again the concentration dependence deviates from mean-field predictions of
-1/2.

We have presented a description of polymer solutions using both the self-consistent
mean field description as well as scaling approach. We see that predictions for the
osmotic pressure and correlation length scale differently in these two theories. The
differences arise primarily due to concentration fluctuations that are seen in polymer
solutions. The excluded volume interactions lie at the core of these fluctuations. Thus
solutions which have strong repulsive link interactions are more likely to follow scaling
theory predictions. On the other hand if the interactions between links is zero the
solution can be well described by a mean field theory. This theory is also applicable
to a group of polymers that are known as semi-flexible polymers. We explore these

polymer solutions in further detail in the next section.

2.4 Semi-Flexible Polymers

Our initial discussions on polymer solutions, assumed that the polymer could be
treated as a freely jointed chain of monomers. However we refined this definition
by the inclusion of the persistence length. This accounted for the fact that each

monomer was not free to rotate, but on length scales larger than [,, the motion of the
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monomers was uncorrelated. In this section we explore the different bulk properties
that arise in polymer solutions due to this increased stiffness. These differences in
polymer properties are also seen in our experimental observations.

The introduction of the persistence length creates a ‘stiffness’ in the polymers.
These stiffer or semi-flexible polymers are characterized by a rigidity parameter, p,
which is defined as p = 2/,/d where d is the diameter of the polymer (N.B.: for a
truly freely jointed chain, d is the monomer diameter). For low values of p, a chain
is described as flexible, while for p > 1 the chains are termed semi-flexible. As the
rigidity of the polymer increases it finally approaches a rod-like configuration. A
good example of a flexible polymer is Polystyrene (p=2) whereas DNA (p=50) is
more rigid and is described as semi-flexible. This introduction of rigidity leads to a
renormalization of the number of links, N, to an effective link number, (see Eq. 2.5),
and to a modified second virial coefficient, B = dlf,r. Thus we see that a stiff rod like
monomer, sweeps out a disk like volume that excludes other monomers.

The properties of polymer solutions can be compactly summarized in a phase
diagram in which the solvent quality, 7 of the solution is plotted against the polymer
volume fraction, ® = cd®. A simple picture for flexible polymers is presented in
Fig. 2.6. For example, in dilute polymer solutions that lie near the ©-temperature
(Region I), the polymer behaves like a Gaussian coil with radii, R; which is given

by Eq. 2.7. However, far from the ©-point, the coils appear swollen with a radius,



Region | Osmotic Pressure, I, | Correlation Length, £ /R,
I c N2
II c N3/5,1/5
v ASl4p3/4 c-3/4-1/4
\% 3 oL

Table 2.2: The concentration and T dependence for the different phases of flexible
polymer solutions.

Ri; ~ v'/37Y/SN3/5. The transition boundary between ideal behavior and swollen
coils is defined when the parameter, z = 2(3/27)%2N'/2B/d® ~ 1 and this is achieved
when R; = Ry;

As the concentration of links, is increased the polymer enters the semi-dilute
regime. Depending on the solvent quality several different regimes emerge. The
different phases of the semi-dilute solution, Region IV and V can once again be
represented on the phase diagram shown in Fig. 2.6. Concentration increases near
the theta point leads to a transition from Region I to Region V. In this weakly
fluctuating regime triple collisions dominate and mean field treatments can bevused
to describe polymer properties. The correlation length and osmotic pressure, scale
with concentration as £, ~ d(cd3®)~! and ITy- ~ d°¢c3 respectively. On the other hand if
the polymer solution lies far from the ©-point, then concentration increases will lead

to a transition from Region II to Region IV. At these increased temperatures, scaling
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Figure 2.6: A qualitative phase diagram for flexible polymers showing the different
solution phases. The horizontal axis represents polymer concentration and the ver-
tical axis represents deviations from the ©-temperature, 7. The labelled regions are
described in detail in the text and tabulated in Table 2.2.
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statistics are needed to account for the large concentration fluctuations that arise due
to strong repulsion between links. The boundary that delineates the dilute region
from the semi-dilute phase is determined by the overlap concentration, ¢* ~ N/ R},
which in turn depends strongly on size of the swollen coil. In this phése (Region
IV), the correlation length &y scales as d(cd)~%/r~'/4 and the the pressure is given
by IT;y ~ 734¢(cd®)®*. With further increases in concentration the importance of
fluctuations diminishes and the solution properties return to those exhibited in Region
V. The crossover is defined by the line, ® = 7 which is easily obtained by equating &y
and &y or IIy- and II;y-. Table 2.2 provides a summary of the polymer characteristics
in these different regimes.

The phase diagram presented in Fig. 2.6 is rarely realizable since polymers are
never truly freely jointed. In semi-flexible polymers the inclusion of the rigidity
parameter, p, leads to the emergence of additional regimes in the diagram of state
(17, 33, 34]. These have been summarized in Table 2.3. Most importantly it leads to
the existence of two new semi-dilute regions in the phase diagram (shown in Fig. 2.7),
Region VI and VII. In region VII, which lies near the theta point, the polymer can still
be described by Gaussian statistics, even though it is entangled. However the number
of links is rescaled by the persistence length so, the size is given by, Ry ;; ~ N'/2p!/2,

Once again it is the overlap concentration that defines the boundary between the
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Region | Osmotic Pressure | Correlation Length/R,
I c NY2pl/i2q
II c N3/51.l/5p1/5
vV SN c3r=1/4p=1/4
\% 3 c~ipl/?
VI AT c2p=1/2p1/2
VII c N'/2pi/2

Table 2.3: The concentration and 7 dependence for the different phases of semi-flexible
polymer solutions.

dilute region, I and the semi-flexible region VII and can be written as
c= N"Y2p=3/2 (2.49)

The second new region, VI, emerges at the expense of region, IV. Semi-flexibility
leads to the narrowing of the region in which fluctuations are important and a dom-
inance of pair wise contacts in the solution. In this new phase the polymer osmotic
pressure and the correlation length can be described by mean-field theory[17, 33]
and are given by numerically accurate expressions IT,/kgT = BNZ%n2 and £ =
lp(6BNegn,)~'/? where n, is the polymer coil concentration given by n, = c¢/(N).
This regime is bounded by region IV on the low concentration side with the bound-

ary being defined by

TIV—vI ~ Cp° (2.50)



46

T= p-1c-5/3y-4/3

p3/2n-1

entration

Figure 2.7: A qualitative phase diagram for semi-flexible polymers showing the differ-
ent solution phases. Once again the horizontal axis represents polymer concentration
and the vertical axis represents deviations from the ©- temperature. The labelled
regions are described in detail in the text and tabulated in Table 2.3. The hatched
regions represent the new regions that appear in semi- flexible polymer solutions.
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On the high concentration end the transition to region III occurs at ¢ = r. The
weakly fluctuating regime (VI), is of particular interest to us since our measurements
on DNA, a semi-flexible polymer with p ~ 50, indicates that our solution lies in this
regime.

The origins of these new regimes can be understood conceptually by looking at
the excluded volume interactions. Since the rigidity parameter depends on the link
interactions, v through, p=32 ~ v/d®, we see that any decrease in excluded volume
effects (v — 0) leads to an increase in stiffness. For a stiff polymer the links rarely
cross each other and excluded volume interactions are negligible. Increases in concen-
tration that would normally increase chances of link interactions, can be accounted
for by a virial expansion. In contrast, for flexible polymers the link interactions in-
crease dramatically with increasing concentration (unless the solution happens to lie
near the 6-point) and is not well described by the virial expansion. Thus semi-flexible
polymers are always close to ideal.

In Fig. 2.9 we calculate the phase diagram for A-DNA. We see that Region VI is
greatly enhanced, whereas Region IV is reduced to a minimum. In contrast we also
plot the phase diagram for a flexible polymer, Polystyrene (see Fig. 2.8). We see that
even for polystyrene which is highly flexible, p ~ 2, there is an appreciable region
in which pairwise interactions are dominant. However the phase space spanned by

this region is much smaller than the equivalent region in Fig. 2.9. Our experimental



48

PS InTHF

bt -—“’———-—:
[ VII v
p L
0-0 ” a2 2
0.00 0.05 0.10 0.15 0.20
volume fraction

Figure 2.8: The calculated phase diagram for PS in THF (tetrahydrofuran), which has
a rigidity parameter, p=2. We see that even in polymers that are considered ‘flexible’
there is a significant region (VI) where mean-field predictions can be applied.

observations, presented in the subsequent chapters, confirm the existence as well as

the extent of the mean field region which is dominated by pairwise contacts.

2.5 Conclusions

In this chapter we have attempted to define the basics of polymer theory that will be
useful in developing polymer depletion models as well as understanding the properties
of DNA in solution. The simple random walk model that can be used to describe

ideal polymers, was expanded to include the effects of interactions between links. The



49

100.00

10.00

© 1.00

0.10

0.01
10

volume fraction

Figure 2.9: The calculated phase diagram for DNA from our measurements. We see
that the mean-field region is greatly enhanced. The details are presented in Chapter
5.

next section discussed polymer solutions which contain many polymer coils. Different
theories, such as the self-consistent mean field approach and the scaling theory were
used to derive the physical observables of such solutions. Finally the effects of chain
rigidity in polymer solutions was discussed and compared with properties of com-

pletely flexible polymers. In the subsequent chapters we utilize these mathematical

formulations to understand our experimental observations.



Chapter 3

Polymer Depletion

Entropic effects play an important role in the physics of colloidal mixtures. Important
effects arise when two colloidal species of different sizes interact primarily through
hard sphere repulsions. In this case we find that maximizing of entropy of the smaller
species in the suspension drives the other towards greater order. The tendency for
the larger particle to aggregate is called the depletion effect. The consequences of
depletion are of both fundamental as well as industrial interest. For example, de-
pletion effects must be minimized in the production of paint [35, 36, 37], but can
be exploited for controlled separation of mixtures [35]. Often these processes involve
colloid-polymer mixtures in which the depletion effect is not well understood. In this
chapter we explore the entropic attraction that arises between colloidal spheres in the
presence of non-adsorbing polymers.

We will review the traditional theory of hard sphere depletion, commonly called

the Asakura-Oosawa (AO) model[38, 39]. We also discués polymer depletion models

50
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derived from a mean-field theoretical approach [40]. The polymer depletion problem
has analytical solutions in two different regimes. One regime assumes the colloidal
particles can be approximated as point spheres, and the other regime assumes the
colloidal particles are represented as infinite walls. We also present a comparison
between the mean field approach and the AO Model. Finally we explore the conse-
quences of a distribution of binary mixtures containing a polydisperse distribution of

particles and their effect on the depletion model.

3.1 Introduction to Depletion

Mixtures containing hard spheres with different diameters, but without chemical or
electrostatic affinity for each other, exhibit a surprisingly rich phase behavior as a
result of the size ratio of the two species and their volume fractions. The formation
of crystallites, gel-like aggregates and fluid phases is often observed [41, 42, 43]. The
underlying physics behind these phase transitions can be understood by considering
the forces exerted by the particles on one another. Even though there is no chem-
ical ‘bridging’ between particles, the attractive force between large particles can be
accounted for by steric considerations. Particles tend to congregate by what is called
entropically driven ‘attraction through repulsion’[44], or more commonly, depletion.

The depletion attraction can be described equivalently by two simple arguments.

The first focuses on the kinematics of the collisions [44] between the particles while the
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other involves system entropy [38]. A close examination of a binary mixture, in which
one species is larger than the other shows that particles are constantly colliding with
each other. A sphere that belongs to the larger colloid family, undergoes frequent
collisions with the smaller species which produces a fluctuating force on the large
particle. However there is no net force on the particle since the forces are balanced
in all directions. The physics gets interesting when two of the larger particles are
brought close together so that the smaller species cannot penetrate the gap between
them. In this case the collisions on the ‘outside’ of the two large spheres are no longer
balanced and this leads to a net attraction between them, as shown in Fig. 3.1.

The depletion attraction can also be understood through an entropy argument [38].
The center of mass of the small spheres cannot get within a small ball radius of the
larger particle due to steric considerations. Thus each large sphere is surrounded by a
region that is depleted of the smaller species and the size of the region is determined
by the radius of the small species. This is shown in Fig. 3.2(a). The small species
experience a loss of accessible volume which is equal to the sum of the volume occupied
by the large spheres and the depleted region that surrounds them. Once again if two
of the larger species are brought within a small particle diameter, the two depleted
regions start to overlap as shown in Fig. 3.2(b). The increase in entropy for the
smaller species due to the overlapped volume results in an entropic attraction. A

similar depletion attraction arises due to the overlap of depleted regions between
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Figure 3.1: Collisions balance out forces on the large sphere when they are far apart
however when the mean separation is reduced this leads to a force imbalance which
results in a net attractive force.



Figure 3.2: Depletion in a binary mixture of colloidal spheres. The hatched region
around the larger spheres indicates the depleted region. When the two large spheres
are brought close together these regions overlap, thus increasing the volume accessible
to the smaller spheres. This leads to a decrease in free energy.

spherical particles and walls, or between two walls [36] .

A quantitative picture of the depletion attraction between two spheres was first
realized by Asakura and Oosawa in the late 50’s [38, 39, 44]. By simple geometric
arguments they were able to calculate a functional form for the interaction energy

between two large spheres in a suspension of smaller spheres. The energy is given by

U(T) = —HVoverlap (31)
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where I is the osmotic pressure of the small spheres and Voveriap is the overlap volume
of the depleted regions shown in Fig. 3.2. This can be easily seen if one adopts an
ideal gas picture for the smaller spheres in which their entropy is given by S =
kgIn(Viccessible) Where Viccessivle is the volume available to the smaller spheres. Then
the change in entropy of the small beads, when the larger two particles are brought

in contact is given by
9S = kg NyIn(Viccessivie + Vovertap) — k8 NoIn(Viccessivie) = k8Ny(Vveriap) (3-2)
Thus the change in free energy due to the increase in entropy is given by
O0F = =TS = —kpT Ny(Voveriap)- (3.3)

For the two sphere geometry the overlap volume is given by the lens like geometry
produced where the depleted regions overlap. This then gives an interaction energy

which is given by

Ut = - R () 1 - 35 + 350, 34

c<r<o+2R,,

where I, is the osmotic pressure of the small beads, R, is the hard-sphere radius
of the small spheres, o is the diameter of the large sphere and A = 1 + 2R, /0.
This expression results from purely geometrical considerations and can forseeably be

applied to all 2R, /o, with appropriate changes to the multiplicative osmotic pressure.
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Figure 3.3: The depth of the AO interaction at contact vs. the size ratio of large
particle to the small particle, a/2R,.

What is the magnitude of the depletion effect? Can it be measured? The first
question can be addressed by looking at the magnitude of the interaction for common
colloidal particle sizes. For example, the strength of the contact depletion attraction
between 10um and lum particles, in a suspension where the small sphere volume
fraction is 0.1. can be calculated to be —1.5kgT. This is a sizable effect that can
be experimentally measured. The magnitude of this interaction can be controlled by
varying the size ratio and volume fraction. Fig. 3.3 shows the calculated strength of
the AO model (at contact) for different size ratios varying from ﬁ =1to 2;—5 = 100,
at a constant small sphere volume fraction of 0.1. We see that the strength of the
interaction increases linearly from 0.15kpT to 15k5T, making it a rather sizable effect.

The simplicity of the AO model is appealing, however there are limitations since

the model is based on an ideal gas approximation. Effects such as liquid structure that






