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ABSTRACT
ENTROPIC FORCES AND PHASE SEPARATION IN BINARY NEARLY
HARD-SPHERE COLLOIDS

Anthony D. Dinsmore

Arjun G. Yodh

We present the results of experimental and theoretical studies of the statistical
mechanics of suspensions of hard spheres of two different sizes. We have focused on the
effects of entropic depletion (or excluded-volume) effects, which play an important role
in many real mixtures. In the first set of experiments, we studied the phase behavior
of binary hard-sphere mixtures with diameter ratios between 2 and 12. We found that
even when the volume fraction of spheres was only 0.20, separation into coexisting
fluid and solid phases occurred despite the absence of attractive pair interactions.
We measured the structures and compositions of the equilibrium phases both in the
bulk of the sample and at the wall of the container. We also propose an original,
physically-transparent model that predicts fluid-solid phase separation in hard-sphere
mixtures without fit parameters, in close agreement with our measurements and with
previously-published results for monodisperse hard-sphere mixtures.

Investigating the effects of hard (inert) surfaces, we demonstrated for the first
time that inert walls of complex shape can induce entropic force fields that can trap,

repel, or induce drift of the larger particles in a binary suspension. We measured

vi



vii

the entropic force on a large sphere as a function of its position near the edge of a
terrace and found that it is repelled by a 40-femto-Newton force. A similar mechanism
confined large spheres in a corner and, inside rigid phospholipid vesicles, pushed the
larger spheres along the wall in the direction of increasing curvature. We predict that.
under some circumstances, a unilamellar vesicle will spontaneously envelop a large
sphere. Aside from their fundamental interest, these results are likely to improve our
understanding of the behavior of complex fluids inside porous media and of proteins
inside cells.

We have also developed new techniques for making arrays of submicron particles
for photonic applications. Two-dimensional patterns made with electron-beam lithog-
raphy and three-dimensional crystallites made using an extension of the “convective

assembly” technique will be presented.
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Chapter 1

Introduction to Depletion Forces

1.1 Introduction and OQutline

The goal of this thesis was to learn about the statistical mechanics of colloidal parti-
cles. We studied hard spheres because they provide a unique opportunity to isolate
and understand the implications of the fact that particles take up space. Rearranging
hard spheres - stacking them in different ways, putting them near walls, in corners.
etc. — changes the amount of volume accessible to the other particles, hence the
entropy of the system. These experiments answered some fundamental questions
about phase transitions and demonstrated some new ideas concerning the effects of
walls. All of the thermodynamic effects considered here arise from excluded-volume
(depletion) effects, which will be reviewed later in this chapter.

In Chapter 2, we address the question of whether purely repulsive forces among
particles can lead to phase separation. We present a comprehensive study of the

phase behavior of binary nearly hard-sphere mixtures with size ratios between 2 and
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12. In particular, we observed fluid-solid coexistence in the bulk at total volume
fractions as low as 0.2, as well as formation of a loose gel. In Chapter 3, we present a
complete and physically-transparent theoretical model with which we calculated phase
diagrams for these systems without fit parameters. We obtained good agreement
with experimental results of Chapter 2 and with published studies of the freezing
of monodisperse hard-sphere mixtures. In Chapter 2, we also investigate how the
behavior of hard spheres changes when a flat surface is nearby. We have observed a
dense fluid of large spheres that appears at a flat wall in binary mixtures, and we have
observed nucleation of crystallites within this dense, quasi-two-dimensional fluid. In
Chapters 4 and 5, we show that inert surfaces of various shapes can create repulsive
or attractive “entropic force fields” that act on the larger spheres in binary mixtures.
We show how these effects manifest themselves inside rigid (multilamellar) vesicles
and present theoretical evidence that depletion forces provide a new mechanism for
shape changes of unilamellar vesicles containing particles. Finally, in Chapter 6, we
describe two techniques that we have developed for assembling microscopic particles
into arrays. Two-dimensional arrays of submicron particles made using electron-beam
lithography and three dimensional crystallites made with “convective assembly” will
be presented. These techniques (and those demonstrated in the previous chapters)
will allow basic studies of the optical properties of colloidal crystals, a subject rich

with technological implications.



In addition to providing fundamental insight into the role of entropy in thermo-
dynamics, the hard-sphere model is a useful first step toward understanding mixtures
with more complex interactions. There exist theoretical techniques for extrapolating
from the hard-sphere case to include other interactions [1]. For these reasons, the
question of whether (and in what way) particles can phase separate in a purely re-
pulsive system has been of long-standing interest and debate. F urthermore, the novel
surface effects that are presented in Chapters 2, 4 and 5 are expected to be present
in systems with non-hard-core interactions as well.

Rather than overwhelming the depletion attraction, adding repulsion between
particles can enhance it! Experiments have investigated the effects of increasing the
range of electrostatic repulsion and found that the strength [2] and range [3] of the
depletion attraction are greatly increased. Even when the repulsion among the smaller
particles is reduced (for example, by replacing hard spheres with interpenetrable
polymers), there is still a depletion attraction, although its strength may be reduced
[4]. Furthermore, theories based on the binary hard-sphere model compare well with
experimental measurements of the activities of proteins in water [5, 6]. The hard-
sphere model is qualitatively applicable to a wide range of real mixtures (in addition to
the nearly hard-sphere mixtures described in this thesis), including industrial colloids

(paint, ink, paper size), foods, blood, and the interior of biological cells.



1.2 Some Forces on Colloidal Particles: Water, Gravity, and DLVO The-

ory

This section provides a very brief introduction to some of the forces acting on colloidal
particles. The intent is to show the reader how the strength and range of depletion
forces compare to those of other forces.

When looking at submicron particles in the microscope, the most striking fact is
that they are constantly in motion. With a diffusion constant on the order of one
pm? /s, particles seldom stay within the focus depth for longer than a second or two
[7, 8, 9]. The reason for this diffusive, or Brownian, motion is random collisions of
the particle with the water molecules. Non-random, collective collisions with water
molecules are known as convective forces and will not be discussed here. The diffu-
sion of particles, however, is an essential cornerstone of the present work. We rely
on Brownian motion to enable the particles to explore all the available stacking ar-
rangements in order to find the one with the lowest free energy. Because the particles
are able freely to explore phase space, the laws of thermodynamics and statistical
mechanics are relevant (as noted, for example, by Einstein in [10] and by Vrij [11]).

Gravity does apply a downward force on the particles. Fortunately, this force
is small in our experiments because of the small density mismatch compared to the
solvent (water), because of the small particle size, and because the tendency to settle

is resisted by the water molecules {7, 12]. In all of the present experiments, sedimen-



tation of individual particles could be safely ignored (except in the phase diagram
measurements, in which steps were taken to show that gravity was not relevant).
Since the sedimentation rate of an object increases with the square of its size, clus-
ters of particles sediment relatively quickly. This fact was useful in observing phase
separation in the bulk of samples, since the clusters could be seen as a sediment at
the bottom of the sample cell.

Interactions among pairs of colloidal particles include attractive van der Waals
and repulsive electrostatic forces. Van der Waals forces are comparatively strong, but
their range is generally restricted to a few nm (the length scale of large molecules)
[13]. In the absence of any barrier against the van der Waals attraction, however.
the particles do flocculate. Fortunately, electrostatic forces among the charges on
the particles’ surfaces and the ions in solution provide a stabilizing barrier!. The
sum of van der Waals and electrostatic forces among colloidal particles is known
as the Derjaguin-Landau-Verwey-Overbeek (DLVO) theory (13, 9, 15, 16]. For the
present purposes, the important results are that the electrostatic repulsion prevents
flocculation, yet can be screened out to very short range - approximately 5 nm in

the experiments performed here (at 0.01 M salt). The range of these non-hard-sphere

interactions is determined by the Debye screening length, {p o 1 /Vion concentration.

Since the screening length is so short compared to the particle size (~ 100 nm), the

!Steric forces among polymers grafted to the particles’ surfaces can also stabilize the particles
(13, 14]
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Figure 1.1: Illustration of the DLVO potential between a pair of nearly hard spheres.
The very steep, short-ranged repulsion of the potential resembles a hard-sphere po-
tential.

particles closely resembled hard spheres (see Fig. 1.1).

1.3 Depletion Forces among Hard Spheres

We now come to forces due to collisions among colloidal particles. All particles
occupy some finite volume (unlike an ideal gas) and therefore occasionally bump into
one another. In a mixture of hard spheres of two different sizes, the collisions give
rise to depletion forces. As is so often the case in physics, there are two ways to think
about the depletion force. The two models described below both rely on an ideal-

gas approximation and obtain identical results. We will look beyond the ideal-gas



approximation in section 1.3.4.

1.3.1 Ideal-Gas Approximation for the Small Spheres

In 1976, A. Vrij used the term “attraction through repulsion” to describe the depletion
force [11]. The idea is illustrated in Fig. 1.2. In (a), the small spheres collide with
the large sphere, thus exerting small forces on it. The collisions occur with equal
probability everywhere on the large sphere’s surface, so the average net force is zero.
When the large spheres approach one another, as in (b), the small spheres can no
longer exert a backward force on the spheres. They therefore exert a net force that
pushes the large spheres together. An estimate of the magnitude of the force is the
small-sphere pressure, Ps, times the area of the sheltered region. The question of
what model to use to calculate Ps will be discussed below. The ideal-gas model
allows a single mean-field pressure to be used; using the hard-sphere model requires
careful consideration of how the small particles quasi-statically rearrange themselves
as the larger spheres move together.

One can also consider the entropy gained when the two large spheres move together
(the view proposed by Asakura and Oosawa, in 1954 17, 18]). This point of view
is particularly relevant for thermodynamics, since entropy is a universally important
quantity. Since we are considering a mixture containing only two large spheres and

many (hundreds or thousands) of small ones, we can ignore the entropy of the large



e ©

Figure 1.2: Illustration of depletion “attraction through repulsion”. The arrows il-
lustrate the forces on the larger sphere due to the smaller spheres when (a) the large
spheres are separated and when (b) their surface are within a small-sphere diameter.
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Figure 1.3: Illustration of the depletion force from the entropic point of view. The
small spheres are excluded from the hatched regions. In (a), the volume accessible to
the small spheres is the total volume of the box minus the black region. In (b), the
accessible volume increases by the volume of the black overlap region.

spheres. (We drop this assumption in Chapter 3.) Here, we only consider the entropy
of the small particles. We assume (for the moment) that the entropy of the small
spheres is given by the ideal-gas approximation [19]: S = Sy + kg In(Vye.), where S
is the entropy, Sy is a term that does not depend on any degrees of freedom of the
particles, kp is Boltzmann'’s constant, and V. is the volume accessible to the centers
of mass of the small spheres.

Due to the hard-core repulsion, the center of mass of each small sphere is excluded
from within its radius of each large-sphere surface (shaded regions in Fig. 1.3). When
the large spheres are well separated (as in (a)), the accessible volume, Via) is the
volume of the box minus the two exclusion zones. When the two large spheres come
within a small-sphere diameter of one another, the exclusion zones overlap (black

region in Fig. 1.3(b)). Now, the accessible volume, V%), is the total volume minus
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the two spherical exclusion zones plus the volume of the overlap region. The entropy
change is kg Ns[(In(V,®) — In(V@)] ~ kpNsVoveriap. The (Helmholtz) free energy
change, AF, is simply —TAS (since the internal energy does not change). Thus, AF
decreases by (NskgT) Voverlap- We note that, within the ideal gas approximation that
we have used, NgkgT = Ps. Thus, AF = ~PsVoveriap- Equivalently, one could have

written the free energy change as

oF
AF = B—VAV = —PSV:)verlapv (11)

since P = —(9F)(0V). The internal energy does not change, but the free energy
decreases when the large spheres approach. The gradient of the energy is a real force

(as in Vrij’s picture).

1.3.2 A Functional Form for the Depletion Force

The size of the overlap volume, Voverlap can be calculated from geometry. For two

large spheres of diameter a; surrounded by small spheres of diameter ag, Voverlap is

T r
Vovertap(T) = g(GL +as — T)2(GL +as + 5), (1.2)

where 7 is the distance between the large-sphere centers. The above is true only when

ar <r <ag+as. To obtain the free energy, we multiply by

6
PS = ¢5k8T 3 (13)
7ras
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Figure 1.4: Plot of the depletion potential between two large spheres. The sphere
diameter ratio, ¢, is 10. The free energy of the mixture, F', is plotted in units
of a¢skpgT and the minimum occurs at approximately -1.5. The small spheres are
treated as an ideal gas.

where @5 is the small-sphere volume fraction, defined as the number of small spheres
per unit volume times the volume of a single small sphere. The resulting potential is
plotted in Fig. 1.4 as a function of separation between two large spheres.

The depletion potential should significantly affect the distribution of the large
spheres when its magnitude becomes comparable to the mean particle kinetic energy

per particle, (3/2 kgT). The greatest depletion potential occurs at contact (r=ag).
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From the above, we find that
F(r=a) = ~(3/2)adsksT, (1.4)

where a is the ratio of sphere diameters (a = a;/ag). For sphere diameter ratios of
order 10 and ¢s ~ 0.30, the depletion force is expected (and observed) to influence

the equilibrium state.

1.3.3 Depletion Forces at Walls

Kaplan, Rouke, Yodh and Pine noted that precisely the same arguments can be
applied for the case of a large sphere approaching a wall [20]. As shown in Fig. 1.5.
the exclusion zones overlap when the large sphere is near a wall, thus increasing the

volume accessible to the small spheres. At the wall, the overlap volume is given by

T a a -
‘/overlap = 5’(7'_ 5_05)2(7"*-(1[,"'?3')' (13)

The excluded volume overlap is approximately twice as large as the two-sphere over-
lap. Therefore, in the ideal-gas approximation discussed above, the attraction be-
tween a large sphere and a wall is twice as strong as that between two large spheres.
The depletion attraction to a flat wall has been directly measured in binary hard-
sphere mixtures [21, 22], in mixtures of colloidal spheres and micelles [23, 3], and
in mixtures of colloidal spheres and nonadsorbing polymers [4]. Chapters 2, 4 and
5 explore in detail the consequences of the depletion forces at flat walls, walls with

grooves, and at curved walls.
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Figure 1.5: Illustration of the excluded-volume overlap between a large sphere and a
flat wall. The volume accessible to the small spheres increases by the volume of the
overlpa region shown in black.

1.3.4 Accounting for the Hard-Sphere Structure of the Small Particles

In the above discussion, we have neglected the fact that the small spheres also bump
into one another - that they are hard spheres too! We have used the ideal-gas
approximation to describe them, ignoring the effects they have on each other. One
might guess that the solution is to let Ps be the pressure of a hard-sphere fluid. This
approach is wrong because it fails to account for the rearrangement of small spheres as
the large ones move together. From our simple arguments, it is clear that the density
of small spheres will be slightly larger right next to the wall than, say, one radius
inward. A sphere located a small distance from the wall has effectively blocked off the
space between itself and the wall - unnecessarily reducing the entropy. This sphere
will (on average) simply move closer to the wall. More detailed calculations have

confirmed this result [24, 25]. Now, if we imagine bringing two large spheres together



Figure 1.6: Cartoon of depletion repulsion in binary hard-sphere mixtures. In order
for the large spheres to get closer to one another, the small spheres must first be
expelled.

using this more accurate picture, we see that the small spheres must first be expelled
from some of the space around the large spheres (Fig. 1.6). The result is a relatively
weak depletion repulsion when the large-sphere surfaces are approximately one small-
sphere diameter apart (26, 27, 28]. In Vrij’s model, the structural rearrangement
of the small spheres results in a larger density of them between the large spheres,
enhancing the backward pressure and reducing the net attractive force. Thus, the
correct Ps is less than the hard-sphere pressure.

Accounting for the real structure of the small-sphere fluid requires very consid-

erable efforts (and approximations) on the part of theorists. Results from liquid
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structure theory and computer simulations indicate that the depletion potential in
fact looks like a damped oscillatory function (see Fig. 4.14, page 132). One study
indicates that the ideal-gas model (coincidentally) estimates the contact-value of the
depletion force correctly [26]. Other results suggest that the ideal-gas model overes-
timates it [27]. The results of the surface-depletion-force measurements described in
Chapters 4 and 5 suggest that the ideal-gas law gives a reasonably accurate estimate
of the strength of the depletion attraction. Yet the corner-confinement experiment
(section 4.2) and the good agreement between the measured phase diagrams and
the hard-sphere theory suggest that the hard-sphere equation of state is more reli-
able. Experiments are currently underway in our laboratory to measure directly the

depletion force in a binary hard-sphere mixture [29].



Chapter 2

Measurements of the Phase Behavior of Binary Nearly-Hard Sphere

Colloids

Given the purely repulsive interaction between pairs of hard spheres, one might expect
a binary mixture of them to remain in a disordered, homogeneous fluid state for all
but very high concentrations. Yet, as will be shown below, hard spheres in a dilute
mixture can spontaneously separate by size and form dense, ordered phases! An
outstanding example of this “demixing” in a three-component mixture is shown in
Fig. 2. In this chapter, I describe systematic measurements of this phase separation in
the bulk, with special attention devoted to the behavior at flat surfaces (also published
in [30]). Section 2.1 will present a brief survey of other published experiments. In
section 2.3, measurements of the equilibrium volume fractions (6L and ¢s) of phases
appearing in the bulk will be presented in the form of phase diagrams. We observed
coexisting fluid and (crystalline) solid phases in samples with sphere diameter ratios

between 2 and 12. Two-fluid coexistence was not observed. Typically, 90% of the large

16
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Figure 2.1: Optical micrograph of size-segregation and spontaneous ordering (or
“freezing”) at the surface of a ternary mixture of polystyrene spheres. The sphere
diameters are 0.825, 0.460 and 0.069 xm and the volume fractions are 0.03, 0.03, and
0.12. The smallest spheres (invisible) remained in a disordered “Auid” state. The
larger particles have sorted themselves by size. The largest, roughly hexagonal object
is a highly-ordered crystallite of 0.46-um spheres, dozens of layers thick. (Individual
0.46-um spheres cannot be seen). The 0.825-um spheres are visible as dots in the
smaller, thinner crystallites. The larger spheres can also be seen in the surrounding
fluid phase. Note the contiguous domains of 0.46- and 0.825-pm spheres - the two
do not mix in the solid phase.
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spheres and about 5% of the small spheres are found in the solid phase, comprised
of a random stacking of close-packed planes of large spheres, permeated by a dilute
fluid of small spheres. Section 2.4 will describe our studies of the phase behavior at
a flat wall. We found that the density of large spheres is dramatically enhanced at
the wall even at volume fractions well below the point of crystallization. We provide
quantitative studies of this surface fluid. We also report nucleation of a (previously
reported [20]) surface solid phase, which had the same structure as the bulk solid.
Finally, in section 2.5, I summarize our observations and discuss some areas for future
research.

A thorough understanding of the hard-sphere system is important because cal-
culations for non-ideal systems often begin with the hard-sphere model. Further
fundamental interest arises because the thermodynamics of hard spheres depends ex-
clusively on entropy. These studies provide a unique opportunity to focus exclusively
on entropy, which plays an important role in all thermodynamic systems.

Even though the pair interaction seems to be of the simplest possible sort {except
for the ideal gas model), the thermodynamics of binary hard-sphere mixtures has
not been well understood. Previously-published theories have predicted a variety of
results, depending on the approximations used (see section 3.1). Only recently has it
become clear from experiments and theory that phase separation and demixing can

occur. The goal of the present work was to determine the nature of the second phase,
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which had not been known, and to determine the phase diagram in a quantitative

way.

2.1 Background

The first experimental work on hard spheres was done on monodisperse mixtures
of PMMA (31, 32, 33, 34]. A combination of experiments and theory have found
that when the volume fraction, ¢, reaches 0.494, a crystalline solid phase with ¢ =
0.545 coexists with the disordered fluid phase (¢ = 0.494) [35, 36]. Formation of a
disordered glass in place of the crystal occurs (on Earth, at least) when ¢ > 0.58
[37, 38, 39]'. Freezing occurs at lower volume fractions next to a flat wall (when
¢ = 0.486), according to molecular dynamics (MD) simulations [41, 42]). All of these
effects are also found in the binary mixtures considered here, but at much lower total
concentrations and with the added feature of size-segregation of the spheres.

In concentrated mixtures of similar-sized hard spheres (o approximately 1.7, total
¢ approximately 0.5), a variety of spectacular crystal structures, such as AB;3 and
AB;, have been observed in binary mixtures of (polymethylmethacrylate (PMMA)
spheres or silica spheres) [43, 44, 45, 46, 47]. As in monodisperse mixtures, phase
separation in mixtures with such low @ occurs only when the total volume fraction

exceeds approximately 0.5, at which point the structure is largely determined by

!'This behavior is different in space [40].
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packing geometry and is thus strongly a-dependent. The phases observed in this
size-ratio regime (AB, and ABy;) are quite different from those observed in mixtures
with o > 6.

Experiments with highly asymmetric sphere sizes have been been done using silica
spheres [48] and polystyrene spheres [20, 49] in the hard-sphere limit. These early
experiments, however, left undetermined the structures and compositions of the bulk
phases at equilibrium. The experiments described below (and in [30]) are certainly
the most extensive and, along with those of Imhof and Dhont [50], were the first to
address the question of the structure of the dense phase in equilibrium. Some results
of Imhof and Dhont will be compared to those of the present work.

Phase separation induced by the depletion force has also been observed in several
non-hard-sphere binary mixtures: monodisperse colloids with added polymer (51, 52,
46, 53, 54], monodisperse emulsions with added polymer [55, 56], binary emulsions
[57], and binary colloids with non-hard-sphere interactions [58]. The results from
polymer solutions are, in general, different from the binary hard-sphere results since
the polymers are more like an ideal gas because they can overlap one another. Another
feature of the sphere-polymer mixture is that the potential is “non-additive” (they
can overlap one another but not the large spheres). The repulsion length, o between
the centers of two large spheres is o, =a;, the large-sphere diameter. On the other

hand, the repulsion length between non-interacting polymer molecules is pp=0. The
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repulsion length between one large sphere and one polymer molecule, 6,p = (a; +
ap)/2, where ap is twice the polymer’s radius of gyration. Thus, orp > (o +0pp)/2.
and the mixture is said to be non-additive. In such a mixture, if the polymers are
all bunched together, the entropic price they pay is less than the entropic gain of the
large spheres simply because of the different interaction lengths. One expects phase
separation in non-additive mixtures even without the depletion effect [59]. The result
of these differences is that phase separation requires approximately twice as much
small polymers as is does small hard spheres (for size ratio = 10; see the following
chapter). When the size ratio is less than approximately 5, fluid-fluid, as well as fluid-
solid, coexistence have been observed in the polymer-particle systems. In contrast, no
fluid-fluid coexistence has been observed in binary hard-sphere mixtures, suggesting
that there is a fundamental difference between the hard-sphere + polymer and binary
hard sphere mixtures.

Emulsion droplets, on the other hand, can deform, as shown by their ability to
attain volume fractions well above 0.74. Deformation is likely to change the free
energy of the solid phase, as will be discussed below. Although the quantitative
details of the phase diagrams for these materials depends on the details of the particle
interactions, their behavior in a large region of the phase diagram is qualitatively

similar to that of binary hard-sphere mixtures.
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2.2 Experimental Techniques

2.2.1 Sample Preparation

As a model hard-sphere system, we have chosen charge-stabilized polystyrene spheres
dispersed in water (Seradyn Inc., Indianapolis, IN, (317)266-2991). The small-sphere
diameter (as) is 0.069 um, and the large-sphere diameter (ar) ranges from 0.137 to
0.825 pum, small enough that the particles diffuse, exploring all possible structural
arrangements and (in most cases) selecting the one that is most stable. Because the
inter-particle repulsion is screened to a very short range (less than 1% of a;), these
particles closely resemble hard spheres. Polystyrene spheres have the advantages of
a mass density very near to that of water (only 5% greater), so they sediment very
slowly (over days). They also have a high refractive index (near 1.59 in the visible
range; see page 155 of [60]), allowing some very useful light-scattering techniques to
be used. Most important, perhaps, is the fact that the particles are also large enough
to see directly in a microscope, and move slowly enough to allow us to track them
using easily accessible video technology. The same cannot be said of molecules.

The polystyrene microspheres are not perfect hard spheres. Their interaction is
described by the Derjaguin-Landau-Vermeer-Overbeek (DLVO) theory [13, 16]. At
very close range, there is a strong attraction due to the Van der Waals force. A slightly
longer-range Coulombic repulsion, due to charged sulfate groups on the sphere sur-

faces, acts as a barrier to the Van der Waals attraction, thus preventing irreversible
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aggregation of the particles. Seradyn manufactures solutions with enough salt dis-
solved in the water (approximately 0.01 Molar) to screen the coulombic repulsion to
short distances. As reported in reference [20], measurements of the lowest volume
fraction at which 0.205 um spheres crystallize indicate that the effective particle ra-
dius exceeds the physical radius by less than 4 nm. Thus, we used the stock solutions
as delivered. We found that purifying the particle solutions and adding more salt did
not affect the results. Bulk and surface [20] crystals could be melted by shaking or by
addition of enough filtered water to reduce the volume fractions below the liquidus
curve. Thus, the spheres in the solid phase were not held together by the irreversible

Van der Waals attraction.

2.2.2 Measurement and Probe Techniques

Using optical microscopy, diffusing-wave spectroscopy (60, 61, 62, 63, 64, 65, and Kos-
sel scattering [66, 67], [ have probed the structures and compositions of the samples
in situ. I have also used scanning electron microscopy to study dried samples. Sarah
Keller and her postdoctoral advisor, J. Zasadzinski, have also done freeze-fracture
transmission electron microscopy (TEM) on some of our samples, looking at the par-
ticles in their “native state” with very high resolution. This section provides a brief
summary of techniques used, along with references. More detailed descriptions can

also be found in Chapter 7.
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The mass density of the polystyrene particles is 5.0% greater than that of the
surrounding water. While Brownian motion maintains single particles with diameters
as large as 0.8 um in suspension for several days, particle clusters settle to the bottom
within a few hours. Therefore, in our samples, the bulk solid phase fell to the bottom
of the sample and the fluid phase rose to the top, making it possible to identify
phase separation by eye. All behaviors reported in this paper were observed within
2 days, often within 12 hours. Several samples were prepared with enough heavy
water to make the polystyrene neutrally buoyant. As discussed below, we found that
gravitational sedimentation had a negligible effect on the equilibrium structure.

We determined the volume fractions of the stock solutions by weighing samples
before and after drying in an oven at 50° for 48 hours. Solutions of spheres of
two different sizes were mixed in glass, quartz (NSG Company, Farmingdale, NY,
(516)249-7474) or polystyrene cuvettes 1-10 mm in thickness, 10 mm in width, and
approximately 0.3-1.0 ml in volume. The initial volume fractions, ¢s and ¢;, were
measured to a precision of approximately 1% by weighing the ingredients as thev
were added. Immediately after mixing, we thoroughly shook the samples by hand
and in an ultrasonic bath. They were then stored at room temperature in a verti-
cal position. For most ¢5 and ¢, investigated, multiple samples were mixed, giving
consistent results.

We directly observed the structure of the binary colloids in equilibrium using an
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optical microscope. After mixing, some samples were injected into cells approximately
100 pm thick, made of glass slides, standard cover slips, and 5-minute epoxy. Using
the optical microscope (Zeiss Axiovert 135, 100x Plan-Neo or Plan-Apo objective), we
could observe individual large spheres as they formed clusters. After approximately
two days, when no further phase separation was observed, we determined the structure
of the crystalline phase by direct observation. To verify that crystallization was not
affected by the small volume of the cell, we let samples phase separate in 1 mm-thick
cuvettes, extracted the sediment with a syringe and injected it into a thin cell for
viewing under the optical microscope. No differences between thin-cell and thick-cell
samples were observed.

A few samples were prepared for observation under scanning electron microscope
(SEM). For these images, cells were made with glass coverslips that could be carefully
cracked apart so as to avoid fluid flow which could destroy the sample. Once dry,
the resulting glass shards were sputtered with a few angstroms of carbon, attached
to an aluminum disk with conducting carbon tape, and put into the SEM. The re-
sulting micrographs will be shown in section 2.4.2. Although multiple preparations
of the same samples gave similar results, the possibility remains that the small par-
ticles (if not the large ones) reorganized somewhat during the drying process. For
more faithful reproductions, freeze-fracture transmission electron microscope (TEM)

images were obtained by Sarah Keller. Small samples, approximately 20uL, were
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Figure 2.2: Schematic of apparatus used by S. L. Keller and J. Zasadzinski for freeze-
fracture of colloidal crystals. The sample sits in the chamber (which is humidified to
slow evaporation) while phase separation occurs, and is then mechanically plunged
into the cold bath. (Figure by Sarah L. Keller, UCSB)

injected into a gold or copper planchette, left for a few hours, then plunged into a
bath of propane/ethane, which was cooled by liquid nitrogen to -196° (Fig. 2.2). The
cooling rate was fast enough (10*-10® Kelvins/s) so that the water vitrified without
expanding. The samples were then coated with a thick layer of carbon on one side
and a thin film of platinum on the other. Platinum was applied at an angle to provide

contrast (“shading”) in the image. Unfortunately, this technique could not be used
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to look at surface crystals because the metal planchette plates interact electrostat-
ically with the particles. As a result, only images of bulk crystallites are available
(presented in section 2.3.1).

To measure ¢, and ¢ in the equilibrium bulk fluid phase, we carefully extracted
the fluid from the top of two-day old samples using a syringe. Some of this super-
natant was weighed, dried in an oven for 2 days, and weighed again to measure to
within 1% the total volume fraction in the fluid phase, ¢£I + ¢§’, where the superscript
fl denotes the fluid phase at equilibrium. The rest of the supernatant was diluted
with a measured amount of filtered water so that the average distance between large
spheres was much greater than the particle diameter (for imaging clarity). The small
spheres, 0.069 um in diameter, were too small to be resolved. We measured (15{’ by
scanning the microscope’s focal plane through a well-defined depth of approximately
100 um and counting all of the large spheres with the aid of a CCD camera, video
recorder, frame grabber, computer, and NIH Image software. We used reference sam-
ples of known volume fractions to calibrate the relation between number of particles
and volume fraction. In all cases, at least several hundred particles were imaged.
These measurements gave ¢£I to within approximately 10%. We determined ¢§‘ by
subtracting ¢£I from the total fluid-phase volume fraction. To determine the exact
compositions of the solid phase, we had to assume a volume fraction of large spheres

in the solid, ¢35, as discussed in the following section.
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Figure 2.3: Schematic illustration of the apparatus for diffusing wave spectroscopy
(DWS) in reflection geometry. Two photomultiplier tubes (PMTs) were used to ob-
tain a cross-correlation function and reduce noise from random PMT signals. The

correlation function of the light intensity, g(7), was measured at intervals while sam-
ples underwent phase separation. Results will be shown below.

To probe the structure of thick samples as phase separation occurred, we used
diffusing-wave spectroscopy (DWS) [61, 62, 60] in the reflection geometry to measure
the translational diffusivity of the particles (Fig. 2.3). Typically, in DWS, when
the motion of the scatterers is constrained (indicating a glass or solid structure),
the intensity temporal autocorrelation function does not decay to zero. We mixed

samples and measured the light-intensity autocorrelation function at various times.
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Figure 2.4: Plot of light-intensity correlation function vs. time, 7. When the sample
is in the fluid state, the particles diffues freely so that the light completely decorrelates
after some time (g,(7) decays to zero). When the large spheres solidify, their diffusion

is constratined and the light no longer completely decorrelates, so that g1(7) reaches
a plateau.

Immediately after mixing, DWS confirmed the fluid structure of the particles. When
the intensity autocorrelation function of the dense region (sediment) no longer decayed
to zero, we concluded that it had become solid or glass-like (see Fig. 2.4). We used
this technique to investigate the role of gravity in phase separation, as discussed in

section 2.3.3.
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2.3 Results: Bulk of the Sample

In this section, I describe the results of our experiments. The nature of the sediment
and the structures of the phases (section 2.3.1), formation of a gel (2.3.2), and the
effect of gravity (2.3.3) are discussed. In section 2.3.4, the measured phase diagrams
are presented for sphere-diameter ratios equal to 6.7, 8.8, and 12.0. For these samples,
the small spheres could freely diffuse through close-packed lattice of the larger spheres.
Section 2.3.5, concerns phase separation in mixtures with diameter ratio, «, as low
as 2.0. The size ratios of these samples may lead to different structures in the solid

phase.

2.3.1 Detailed Observations of the Phase Separation

Figure 2.5 presents the final phases of several binary samples which we observed
over a period of one to four days after mixing (see also [20]). Initially, all samples
were opaque white because the larger polystyrene spheres strongly scatter visible
light. Some samples remained uniformly white for several days or weeks, until gravity
induced settling of individual particles, and the sample was discarded. These samples
were considered stable in the binary fluid phase (represented in figure 2.5 by a “+7).
In some samples, concentration fluctuations could be seen by eye minutes or hours
after mixing. Subsequently, a well-defined interface could clearly be seen between a

dilute fluid on the top and a more optically dense sediment on the bottom. Over a
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Figure 2.5: Final phases of binary hard-sphere mixtures. The horizontal and vertical
axes indicate the initial volume fractions of large and small spheres, respectively. Each
symbol indicates a sample which we investigated and represents the phase behavior
observed: “+"— no phase separation; “0"— growth of solid phase at surface; “A” —
phase separation at surface and in bulk; “*”— fluid/solid phase separation in bulk
only. The solid lines are liquidus curves derived in the following chapter. The dashed
curve in (a) represents the liquidus curve measured by van Duijneveldt et al. in
suspensions of silica spheres with o= 6.



32

period of 12 to 48 hours, this interface fell to the bottom of the sample (as described in
more detail below). These were samples with bulk phase separation (represented by a
“#” in figure 2.5). In other samples, small spots on the surface of the cuvette became
visible within approximately 12 hours and no bulk interface was observed. These
were samples with surface solidification only (“0"). As o was increased, this surface-
only region became narrower, nearly disappearing when o = 12.0. The surface-phase
measurements are discussed in section 2.4. Other samples exhibited surface spots
and bulk interfaces (“A”). The lack of phase separation at the highest total volume
fractions may have been caused by the slowing of the dynamics due to high viscosity.

The liquidus curve separates the region of the phase space in which samples are
homogeneous fluid in the bulk from the region in which samples have coexisting fluid
and solid phases in the bulk. In figure 2.5, the measured liquidus curve (not drawn)
separates the “A” from the “+” or “0”. In the figure, we have plotted the liquidus
curves calculated from the theory described in the next chapter (solid curves).

For comparison, the dashed curve in Fig. 2.5(a) represents the experimental results
of van Duijneveldt et al. [48] who investigated mixtures of silica spheres with o =
6, suspended in cyclohexane. They observed two-phase coexistence in samples above
the dashed curve and a single bulk fluid phase in those below it. No surface phase
was reported and the nature of the resulting phases was not determined. The dashed

curve should be compared to a curve separating the “0” from the “A” in the same
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figure. We observed phase separation at slightly lower ¢s, which is consistent with our
slightly higher value of @, since the depletion energy is approximately proportional to
a¢s. Van Duijneveldt et al., however, find that the two-phase region has a high-¢,
boundary which we did not observe (¢, < 0.20). As pointed out in [48], the apparent
high-¢, boundary may be due to slow phase-separation dynamics in samples with
relatively high particle concentrations. The relatively rapid gravitational settling
(over a few fours) in those experiments prevented a definite characterization of the
equilibrium structure of the second phase.

Optical microscopy of our samples revealed that the sediment was a concentrated
suspension of either crystalline or glass clusters dispersed in the dilute fluid phase.
The clusters contained from 20 (when ¢s ~ 0.30) to 100 (¢s near the liquidus curve)
large spheres. In the higher-¢s samples, these clusters rapidly formed a loose gel,
as discussed in the following subsection. For several samples with a range of ¢g, we
measured the total volume fractions (of large and small spheres) in the sediment to be
0.50-0.58. This volume fraction is consistent with a mixture of dense (oL + 05 = .74)
solid aggregates or crystallites comprising approximately 65% of the total sediment
volume, with the surrounding fluid phase (¢, + ¢5 ~ 0.2) comprising the rest of the
sediment volume (Fig. 2.6). Measuring the volume fractions in the sediment, there-
fore, does not accurately determine the volume fractions in the solid phase (although

it does place a lower bound on them). In samples with ¢s within approximately 0.05
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Figure 2.6: Cartoon of the sediment that appears at the bottom of samples that
undergo fluid-solid phase separation in the bulk. The solid phase (crystallites) com-
prise only approximately 65% of the total volume, so that the volume fractions in the
sediment are not the same as those of the solid phase.
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of the liquidus curve, the surface spots were strongly iridescent and the bulk sediment
developed iridescent spots after a day or more. For the first day, the sediment in these
samples would flow very slowly when the sample was tilted, after which time it would
not flow to any visible extent. Possibly, neighboring crystallites in the sediment had
begun to join, making the sediment more rigid. The early-time fluid nature of the
sediment caused an earlier incorrect conclusion that the dense phase is a fluid instead
of a solid [20].

In samples with ¢s within approximately 0.05 of the liquidus curve, optical mi-
croscopy of the solid phase showed that the large spheres were arranged in close-packed
planes. The spheres in one plane always fit over the gaps in the neighboring planes.
We concluded, however, that there were no long-range correlations among planes, so
that the structure was a random hexagonal close-packed structure (RHCP). Corre-
lations among next-nearest planes could create either face-centered cubic (FCC) or
hexagonal close-packed (HCP) structure (see Fig. 6.16, page 189). We obtained a
similar result for the surface crystals, as discussed in section 2.4. From the TEM
images (Fig. 2.7), we found that the small spheres were not ordered within the solid
phase, as expected since they comprise only approximately 20-30% of the available

(interstitial) space, as described below.
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Figure 2.7: Freeze-fracture transmission electron micrographs of the solid phase in
a binary suspension of polystyrene spheres. The sphere sizes are 0.605 um and
0.083 um. The volume fractions are ¢,=0.05 and ¢s = 0.20. The large spheres are
ordered and the small spheres are not. Photograph taken by Sarah L. Keller with J.
Zasadzinski.
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2.3.2 Crossover from Ordered to Disordered Dense Phase

When ¢s was more than approximately 0.05 above the liquidus curve, the sediment
exhibited no Bragg scattering and retained the ability to flow for several days. Large-
sphere clusters were observed in these samples, but had structure significantly less
well-ordered than in samples with lower ¢s. With optical microscopy, it was not
possible to recognize a regular crystal lattice in the solid phase of these samples
(Fig. 2.8(a)). In samples with the highest o and &g, (e.9. ap/as=0.8251m/0.069
pm = 12.0, ¢, = 0.02, and ¢s > 0.24), the large spheres formed randomly-packed
clusters of approximately 20 particles within 10 minutes. Over the next 60 minutes.
we observed these clusters fall to the bottom of the 100 pm-thick sample cell and
form a loose gel of apparently fractal aggregates (Fig. 2.8(b)). With ¢5 = 0.24,
these aggregates were as large as 75 um across. Increasing ¢s by 0.02 increased the
aggregate size to as large as 100 um across.

We have observed a dramatic change in sedimentation behavior which further
suggests a change in phase-separation dynamics as ¢g is changed. We videotaped five
samples containing 0.605 pxm and 0.069 pm spheres (a = 8.8) with ¢; = 0.09. In the
sample with ¢s = 0.15, an opaque sediment appeared at the bottom of the container
and grew upward at approximately 1 cm/hr, with no subsequent observable change in
opacity. When ¢g was increased by just 0.02, another interface appeared at the top of

the container and moved downward rapidly (approximately 2 cm/hr). This interface
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Figure 2.8: Optical micrographs of a binary mixture of polystyrene spheres, showing
the “glassy” behavior. The sphere diameters are 0.825 and 0.069 pm(a = 12) and
91,95 = 0.02, 0.24. Asshown by the cartoon, the sample lies well above the fluid-solid
coexistence curve. The small spheres are invisible. (a) This 100x-image of the bulk of
the samples was made 5 minutes after mixing. Dense clusters of the large spheres are
clearly visible. (b) After one hour, the dense clusters form apparently fractal clusters.
(c) At low magnification, a macroscopic loose gel is visible.
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separated the dilute fluid phase (on top) from a sediment which became more opaque
as the interface fell. When ¢s > 0.19, only the top interface appeared. Increasing ¢g
caused this interface to fall more slowly. We obtained similar results using samples
with ¢, = 0.05, with the second interface appearing when ¢s> 0.20.

The above observations support the explanation proposed by Pusey et al. [68] of
a similar crossover in the sedimentation behavior of mixtures of hard spheres with
polymer. At low ¢g, the binary fluid is metastable, so that phase separation occurs
by nucleation of ordered, dense crystallites which rapidly pile up at the bottom. In
samples with higher ¢s, the depletion attraction between large spheres is sufficiently
strong so that once they touch one another, they are unlikely to rearrange themselves
to the lowest-free-energy structure and instead form a metastable disordered (glass-
like) structure. Glass formation has also been observed in monodisperse hard-sphere
colloids [31, 33, 39]. Qur microscopic observations of the growth of fractal-like aggre-
gates of large-spheres indicate that the sediment is a gel. Pusey et al. [68] suggest
that a slow rearrangement of the particles weakens the structure so that it collapses
due to gravity, thus causing the interface to fall. According to our experiments, in-
creasing ¢s causes the interface to fall more slowly, perhaps due to a slowing of the
large-sphere rearrangement in the presence of a stronger depletion force and in the
presence of a higher effective viscosity.

Using a combination of the settling behavior and the Bragg scattering and flow
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Table 2.1: List of (¢.,¢s) values which separate the region of ordered, crystalline
solid (at low ¢) from the region of non-equilibrium (glassy) behavior (at high o).

Sample ar / as(um) ¢; @s(£0.01)

1 0.460 / 0.069 0.07 > 0.22
2 0.460 / 0.069 0.12 0.18
3 0.605 / 0.069 0.05 0.20
4 0.605 / 0.069 0.09 0.17

9 0.825 / 0.069 0.05 0.15

6 0.825 / 0.069 0.15 0.11

properties of the sediment, we have determined the several points in the (a, ¢.95)
space that separate samples that were crystal-like from those that were glass-like. The
results are listed in Table 2.1. It has been predicted that the onset of the glass-like
behavior might be related to a metastable gas-liquid transition [69]. These results

may be of use for comparison to theoretical predictions

2.3.3 The Effect of Gravity on the Equilibrium State

Although previous investigations of binary hard-sphere mixtures [48] have observed
formation of crystals after several days, they could not rule out the possibility that a
dense fluid of large spheres had formed, settled to the bottom, and become compressed

by gravity to the point of solidification. To determine the effect of sedimentation on
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solidification, we prepared two samples (A and B) with the same volume fractions of
large and small spheres. In sample A we replaced enough water with heavy water
to make the polystyrene particles nearly neutrally-buoyant (in fact, their density is
less than that of the water by < 1%). In sample B the mass densities differed by
5.0%. We then measured the sedimentation rate of the bulk interface using time-
lapse video (Fig. 2.9). Note that if there were no small spheres, almost no evidence
of sedimentation would have been found in the same time period. Simultaneously, we
used DWS at regular intervals to determine when the sediment solidified (as described
in section 2.2.2). This typically occurred a few hours after the first visible signs of
phase separation, but before the bulk interface had completely settled. We found
that sample B settled approximately 10 times faster than A, consistent with the
mass densities. Sample B, however, solidified only 2-4 times faster than sample A.
as determined by DWS. If solidification were entirely due to gravity, then the rate
of solidification would scale with the rate of sedimentation. We found, however,
that the solidification rate only loosely depended on sedimentation — gravity speeds
up solidification, but is not required for the process. From the above evidence, we

conclude that the same phase separation would occur even in the absence of gravity.
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Figure 2.9: Plot comparing settling rate to solidification rate for two samples with the
same colloid content but different water mass densities. The particle diameters are
ar,as = 0.605, 0.069 um and the volume fractions are ¢ ,¢s = 0.09, 0.23. According
to light scattering (DWS), the samples became solid-like sometime during the hatched
interval. The maximum interface height for both samples was = 6 cm.
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2.3.4 Measured Phase Diagrams

In figure 2.10, we present experimental phase diagrams for three sphere-diameter
ratios (a = 6.7, 8.8, and 12.0). In each diagram, the solid line represents the bulk
liquidus, determined by observing which samples had coexisting fluid and solid phases
in the bulk and which did not (i.e. by drawing a curve between the “A” and the
“+” or “O” of figure 2.5). As « is increased, the liquidus curves move to lower ¢g.
Thus, increasing o makes the fluid phase thermodynamically unstable at lower ¢s.
as expected from the simple model in which the energy of the depletion attraction is
proportional to adskpT [11]. For comparison, we also plot the bulk phase diagram
calculated from the theory described in the following chapter. The measured liquidus
agrees closely with the calculated liquidus at the higher values of a.

For several samples, we measured the volume fractions in the fuid phase at equi-
librium, d){l and ¢£~l, using the method described in section 2.2.2. The results of these
measurements are listed in table 2.2 and plotted in figure 2.10. The “x” represent
the volume fractions immediately after mixing, while the “o” represent the volume
fractions in the fluid phase, ¢J' and ¢%, measured two days after the samples were
mixed (after which no further changes in the sediment were observable). In the ab-
sence of phase separation at the surface, the equilibrium-fluid-phase volume fractions
(“o") must lie on the bulk liquidus curve. In samples with o = 6.7, however, the “o”

lie below the bulk liquidus curve. In these samples, the growth of crystallites on the
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Figure 2.10: Experimentally-determined phase diagrams. The “x” represent the ini-
tial voiume fractions (before phase separation) and the “o” represent the measured
volume fractions in the fluid phase at equilibrium. The dotted lines represent mea-
sured tie lines, determined by the “0” and “x”. The end points of the tie lines must
lie on the liquidus and solidus curves (the disagreement in (a) is discussed in the
text). The measured bulk liquidus curves, determined from the data in figure 2, are
represented by the solid lines. The estimated solidus curves (corresponding to the up-
per bound for ¢§*) are represented by the dot-dashed lines. The error bars represent
the uncertainties in the extrapolated ¢3*. Errors for the “o” and “x” are smaller
than the plot symbols. All of these results are listed in table I. The dashed and
dot-dashed curves represent the liquidus and solidus curves derived from the theory

of the following chapter
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surface of the container reduces the equilibrium values of ¢£’. Due to these surface
crystals, the equilibrium ¢£’ and (bg “0”) should lie along the boundary between the
homogeneous-fluid region and surface-solid-only region, i.e. between the “+” and the
“0” of figure 2.5. The “o” lie in the middle of the surface-solid-only region, however,
indicating that these samples had not yet reached equilibrium with respect to the
surface-phase separation when we made the measurements. We decanted the samples
after two days to avoid the effects of gravitational settling of individual particles. Ac-
cording to our observations of similar samples, however, the surface crystals continue
to grow for at least two weeks and sometimes for several months. In these samples,
therefore, the large spheres may still have been in the process of crystallizing on the
surface. Repeating the measurements with two-week-old samples would likely give
slightly lower ¢{f (even if gravitational settling could be eliminated). In samples with
o = 8.8 and 12.0, the surface-phase-only region is very narrow, so that the measured
(b{' and ¢£f are very close to the bulk liquidus curve. We always found large spheres
in the fluid phase, indicating that only a fraction of the large spheres solidified. For
given initial volume fractions, however, increasing the size asymmetry caused more
large spheres to separate out of the fluid. For example, with initial éL/¢s =0.10/0.19,
increasing a from 6.7 to 8.8 increased the relative number of large spheres in the solid
from 85% to 90%.

We next considered the composition of the solid phase, ¢3* and ¢$°. The sediment
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which falls to the bottom of the sample container during phase separation is a mizture
of the solid and fluid phases. Therefore measurements of its composition do not
determine the volume fractions in the solid, although they do provide a lower bound
of between 0.50 and 0.58 for ¢ + ¢¥!. To determine the composition of the solid
phase, we plot a straight line between (q‘){', ¢£’) and (initial ¢, initial ¢5). This “tie
line” [70] indicates the equilibrium state of any mixture with initial volume fractions
given by a point along the tie line. Such a sample will separate into two phases
whose compositions are given by the tie line’s end points, which lie on the liquidus
and solidus curves. The relative volume of each phase is inversely proportional to the
distance from the initial point to the corresponding end of the tie line. To determine
uniquely the composition of the solid phase from the tie line, we must assume a
value for either ¢3* or #3°t. The upper bound for ¢3! is determined by the geometry
of packing the spheres: @3 <0.7405. For the three samples numbered 1, 2, and 3
in table I, however, assuming ¢$* = 0.74 leads to negative ¢%¥. Therefore, these
three samples, which have the lowest values of o and ¢s, must have ¢~}j" < 0.74,
i.e. the large spheres in the lattice do not touch one another. For these samples,
the upper bound for ¢3* is determined by the intersection of the tie line with the
¢r-axis. The dashed line in Fig. 2.10 represents the solidus curve obtained using
these upper limits for ¢3°. The corresponding values for ¢, listed in table 2.2,

range from 0 to 0.04=:0.06. Ounly in sample number 11 does #%°! not equal zero within
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the experimental uncertainty. These results agree, within experimental uncertainties,
with calculations using the theory described in section IV. We determine the lower
bound for ¢5% of all of the samples in the following way. Because sample number
1 has the lowest a and initial ¢s (therefore the weakest depletion force pulling the
large spheres together), it is likely to have the lowest #3%. For this sample, the lower
bound for ¢ + ¢%* is 0.57+0.02, obtained by analyzing the sediment as mentioned
above. Applying this condition to the measured tie line, we find that #3° > 0.55. A
similar analysis applied to sample number 2 (for which the total volume fraction of
polystyrene in the sediment is 0.5840.02) gives the condition #3° > 0.56. All of the
other samples which we studied had larger a or ¢, and are therefore assumed to have
¢ > 0.56. The upper bounds for ¢$ are obtained by setting ¢3! to its minimum
value, 0.56. The largest value of ¢¥ thus obtained is 0.09+0.05, evident from the
tie lines. Finally, the minimum value of $5%, 0.56, obtained for the @ = 6.7 system
corresponds to a distance between large spheres of less than a; + as, as expected
from the theory of the depletion force and corroborated by the TEM micrographs
(Fig. 2.7).

Imhof and Dhont [50] also recently reported fluid-solid coexistence in a binary
mixture of silica spheres in inorganic dimethylformadide (DMF), in the high-screening
limit. A single size ratio of & = 9.3 was used in the experiment. As reported here,

measurements of the large-sphere lattice parameter (solid phase) showed that it was






