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Abstract

The Minimum Description Length (MDL) approad to parametric model
selectionchoosesa model that providesthe shortest codelength for data, while
the Bayesian approact selectsthe model that yields the highest likelihood for
the data. In this article | describe how the Bayesianapproad yields essetially
the samemodel selectioncriterion asMDL provided onechoosesa Je reys prior
for the parameters. Both MDL and Bayesianmethods penalizecomplex models
until a su cien t amount of data hasjusti ed their selection. | shov how these
complexity penalties can be understood in terms of the geometry of paramet-
ric model families seenas surfacesembeddedin the spaceof distributions. |
arrive at this understanding by asking how many di erent, or distinguishable,
distributions are contained in a parametric model family. By answering this
qguestion,| nd that the Je reys prior of Bayesian methods measuresthe den-
sity of distinguishable distributions cortained in a parametric model family in
a reparametrization independert way. This leadsto a picture where the com-
plexity of a model family is related to the fraction of its volume in the spaceof
distributions that lies closeto the truth.

1 Intro duction

Occam's Razor, the principle of econony of thought inverted by the Sdiolastic
philosopher, William of Odkham (see, e.g., [1]), remains a fundamenal heuristic

guiding the thought of modern scierntists. As a rule of thumb it states that sim-

ple explanationsof a given phenomenonare to be preferred over complexones. But

why are simple explanationsbetter? Simple explanationsare certainly easierfor us
to understand, but is there any fundamerial sensein which simple explanationsare
actually better at describingphenomena?Clearly, the answer to this questionhinges
on what the meaningof simplicity is in this cortext. It also hasa bearing on what

the physicist and mathematician EugeneWigner calledthe \inexplicable e ectiveness
of mathematicsin the natural sciences"[2]. Namely, mathematical models derived

to t asmall amourt of restricted data often correctly descrike surprisingly general
classesf phenomena.
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In the modern cortext, Occam's Razor has found a technical statemert in the
Minimum Description Length (MDL) principle, which statesthat the bestmodel of a
collection of data is the onethat permits the shortestdescriptionof it. In the cortext
of statistical inferenceof parameteric families of models, one collectsN data points
and usesa statistical model to encale them ascompactly aspossible. Theoremsfrom
information theory then bound the length of the encaling in bits to be at least

SC= In(Ejj + gInN + O(1) (1)

whereE is the data, N is the number of data points, " are the maximum likelihood
parametersand d is the number of parametersof the model. Rissanenhas called
this quartity the stochastic complexity of a parametric family of models[3, 4]. The
rst term turns out to be O(N) term aswe will discusslater, and penalizesmodels
which assignthe data low likelihood and the O(In N) term penalizesmodels with
marny parameters. A model with lower stochastic complexity must thereforebe both
accurate and parsimonious. The MDL principle assertsthat the best guide to the
\truth" from which the data are drawn is given by the model which minimizes the
stochastic complexity for describingthe N available data points. This principle is
consistent{ if the truth lies in one of the model families under consideration the
O(N) term in the stochastic complexity guararteesthat it will evertually be selected
asgiving the best description of the data (see,e.qg.,the classicpapers|3, 4, 5, 6]).
Howewer, at least intuitiv ely, complexity of a parametric statistical model should
involve more than just the number of parameters. For example,a good model should
be robust in that it should not depend too sensitively on the choice of parameters.
The purposeof this paper is to approad model selectionthrough a more intuitiv e
route than coding theory. Given a collection of data drawn from some unknown
distribution we can comparethe quality of two parametric models by simply asking
which oneis morelikely to have producedthe data. While carrying out this procedure
in Sec.2, the essetial step is the use of Bayes' formula to nd the likelihood of a
model family giventhe data from the likelihood of the data giventhe model. We then
needto know the a priori likelihood that the truth is given by a model a particular
set of parameters. One might think that an unbiased choice of prior likelihood is
to declareall parameter choicesto be equally likely. Howewer, we will seethat this
choicedependson the choice of paramterization and is therefore not suitable [7, 8].
In Sec.3 | will arguethat we can arrive at an unbiased (or reparametrization-
invariant) choice of prior likelihood by demandingthat all distributions rather than
parametersare equally likely a priori. We will nd sud a prior distribution by de-
vising a method to essetially court the dierent distributions are indexed by the
parametersof a model family and by weighting all of these equally. The resulting
prior distribution on parameterswill be the famous Je reys prior of Bayesianin-
ference[7]. We will seehow this prior is the reparametrization-invariant measure
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asseiated to a natural metric (the Fisher Information matrix) on the spaceof prob-
ability distributions.

In Sec.4 will will employ the Je reys' prior in a Bayesianformulation of paramet-
ric model selection. When the number of data points is large we will be able to use
the techniquesof \low temperature expansions"in statistical physics (see,e.g.,[11])
to ewaluate the likelihood of a model given the data. Indeed, there will be se\eral
attractiv e analogiesbetweenquartities appearingin the inferenceproblem and quan-
tities like energy and temperature in physical systems,leading to useful intuitions.
We will seethat probability theory advisesus to select models that minimize the
quartity

z 1 detl(§

q_
= InPr(Ej")+g|n2ﬁ+ln d detJ() + ZIn

3" () + O(1N) (2)

where E is the data, N is the number of data points, d is number of parameters,
" are the maximum likelihood parameters,and J and | are analoguesof the Fisher
information matrix that will be explainedfurther in the text. Notice that the O(N)

and O(In N) terms coincide with stochastic complexity (1). The secondand third

terms, are completely independert of the data and have been called the \geometric
complexity” of the model in [12]. We will seethat the third and fourth terms, both

of O(1), together essetially measurethe fraction of the volume of a model family,

as measuredin the Fisher Information metric, that lies closeto the truth. Thus
models that are \unnatural” or lack \robustness" in the senseof mostly describing
hypothesesfar from the truth are penalized. In this way, the Bayesian approat
provides an intuitiv e understanding of the origin of complexity of a model in terms
of the geometry of the spaceof distributions.

The rst of the O(1) terms in (2) has appearedin Rissanen'sre nement of the
Minimum Description Length principle [13 basedon a more accurateform of stochas-
tic complexity. As we will, the secondterms is relevant when the true model does
not lie within the model family under consideration. An important purposeof this
article is to provide someintuitions for the origin of the Minimum Description Length
principle in the geometry of the spaceof distributions. As sud | will not strive for
mathematical rigor, taking rather the approad of a physicist that the various ap-
proximations that | usewill be valid under suitably general(but often unspeci ed!)
circumstances.l will be extensiwely using material that appearsin [14].

2 The Bayesian Approac h to Parametric Inference

Supposewe are given a collection of outcomesk = fe;:::eyg; & 2 X drawn inde-
penderly from a density t. Supposealsothat we are given two parametric families of
distributions A and B and we wish to pick one of them asthe model family that we



will use. The Bayesianapproad to this problem consistsof computing the posterior
conditional probabilities Pr(AjE) and Pr(BjE) and picking the family with the higher
probability. Let A be parametrizedby a setof real parameters = f 3;::: 4g. Then
BayesRule tells us that:

Pr(A) %
Pr(E)

Pr(AJE) = d w() Pr(gj) (3)
In this expressionPr(A) is the prior probability of the model family, w() is a prior
density on the parameterspaceand Pr(E) is a prior density onthe N outcomesample
space. | denote the measureinduced by the parametrization of the d dimensional
parameter manifold as d® in a notation familiar to physicists. (For example, if
X and y are real parameters,this integration measureis just dxdy.) Sincewe are
interestedin comparing Pr(AjE) with Pr(BjE), the prior Pr(E) is a commonfactor
that we may omit, and for lack of any better choicewe take the prior probabilities of
A and B to be equaland omit them. For the presen we will assumethat the model
familiesof interestto us have compactparameterspacesothat integral over occurs
over a boundeddomain. In applicationsthe parameterspaceis often unboundedand
understandinghow to dealwith this situation is a very important practical issue. We
will return to this in Sec.5. As the parametersrange over their di erent values,a
given model family sweepsout a a surface,or manifold, in the spaceof probability
distributions. This is illustrated in Fig. 1 which illustrates the spaceof distributions,
with two model families embeddedin it, onewith one parameter,and the other with
two. Wewill referto the parameter manifold for, say, model family A, by the notation
M A

Figure 1. The spaceof probability distributions with the true data-generatingdistri-
bution labelledas\t". A and B label two parametric model families seenas surfaces
embeddedin the spaceof distributions. A is a 1 parameter(one dimensional)family,
while B hastwo parameters.



2.1 The imp ortance of reparametrization invariance

For the presen, after dropping Pr(A) and Pr(E) our goalis to evaluate the posterior

likelihood of a model: 7
Paje = y d’ w() Pr(Ej) (4)

A

To ewvaluate this we must determinethe prior probability of the parameters of the
model family, or, equivalertly, determinean appropriate measured () = d¢ w()
for integration over the parameter space. What is the correct choice of w() in the
absenceof adidtional prior information? Sinced must be a probabilite{ measure,it
must be that the integral over the parameter spaceis equalto one: ,, d () =
M d® w() = 1. If we wish to be unbiasedin our inferencewe should now pick
aw() that doesnot favor any part of the model spaceover another. Frequerly, it
is supposedthat the correct way to this is to pick a constart w() sothat all the
parametersare given equal weight a priori. The requiremen that the integral over
the parameter spaceis onethen gives
dd
w() = RT (5)
M A
The denominatoris the volume of the parameterspaceas measuredby the Lebesgue
measureon the parameter manifold M 4.

Although this choiceof a uniform prior seemsatural, it is in fact a biasedchoice
in the sensethat uniform priors relative to di erent arbitrary parametrizations can
assigndi erent probability masseso the samesubsetof parameters. To illustrate
this, supposethat a model hastwo parametersx andy. Then (5) becomes

dx dy
- R :

M, axdy ©)

d® w()

We could have chosento parametrizethe samemodel in terms of r = P xZ+ yZ and

= arctan(y=x). In that case,giventhe pair (r; ) the measure(5) which weigtts all
parameter choicesequally gives

drd

d — .

d® w() _errd ; (7)
By cortrast, if we change coordinates in the measure(6) from (x;y) to (r; ), and

include the Jacobian of the transformation, the measurebecomes

rdrd

d _ :
N T

(8)

Notice that (8) and (7) are not the samething. In other words, the prescription (5)
for giving equalweights to all parametersis itself parameter-de@nden and thus an
undesirablemethod of selectinga prior distribution.
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Of course,oncewe have picked a particular prior distribution w() Bayesianin-
ferenceis reparameterizationinvariant provided we remenber to include the Jacobian
of coordinate transformationsin the integration measureaswe are instructed to doin
elemenary calculusclasses.The point hereis that the apparerily unbiasedmeasure
(5) that givesequalweight to all parametersis not reparametrization invariant and is
therefore unacceptable;if w() was uniform in the parameters,the probability of a
model family giventhe obsened data would dependonthe arbitrary parametrization.
We needsomeother way of determining an unbiaseddistribution of the parameter
spaceof a model. In the next sectionwe will proposethat a good method is to give
equalprior weight to all the distributions corntained in a model family asopposedto all
the parameters,which are only an arbitrary sthemefor indexing thesedistributions.

3 Counting probabilit y distributions

We would like to determine a prior probability density of the parametersof a model
that that implemert the reasonablerequiremen that all distributions rather than all
parametersareequallylikely. The basicobstacleto doingthis isthat the parametersof
model can cover the spaceof distributions unewenly; someregionsof parameterspace
might index probability distributions more\densely" than others. If this happens,the
\denser" regionsshould be given moreweigh sincethey cortain moredistinguishable
probability distributions. Solet us ask the question,\How do we court the number
of distinct distributions in the neighbourhood of a point on a parameter manifold?"
Essemially, this is a questionabout the enbedding of the parameter manifold within
the spaceof distributions. Distinguishable choicesof parametersmight be indexing
indistinguishable distributions (in somesuitable sense)and we needto accourn for
this to give equalweigh to di erent distributions rather than di erent parameters.
To answver the question,let , and 4 index two distributions in a parametric
family andlet E = fe;  eyg bedrawn independertly from oneof ,or 4. In the
corntext of model estimation, a suitable measureof distinguishability can be derived
by asking how well we can guesswhich of , or 4 producedE. (SeeFig. 2.) Let
n bethe probability that 4 is mistakenfor |, andlet y be the probability that
p IS mistaken for 4. Let | bethe smallestpossible y giventhat y < . Then
Stein's Lemmatells usthat limy,; ( 1N)In = D( Kk o) where
z

D(pka) = dxp(x) In(p(x)=d(x)) 9)

is the relative erntropy betweenthe densitiesp and g ([15]). As shown in the Appendix
of [14], the proof of Stein's Lemma shows that the minimum error |, exceedsa xed
in the regionwhere

=N D( pk o) In  +In(1 ): (20)



Figure 2: Three distributions p, g and s are labelled in this picture of a parametric
model family. The grey region indicates the neighbourhood of p which cortains
distributions that are su cien tly similar that it will be di cult to guesswhich oneof
then produceda givensampleof N data points. Thus, pands will beindistinguishable
and given only N data points they should not be courted as di erent distributions
for the purposesof statistical inference. By corntrast, p and g should be treated as
distinguishabledistributions.

(This assertionis not strictly true, but will do for our purposes.Seethe Appendix of
[14] for more details.) By taking  closeto 1 we canidentify the regionaround |
wherethe distributions are not very distinguishablefrom the oneindexedby ,. AsN
growslargefor xed ,any 4in this regionis necessarilycloseto ,sinceD( ok g)
attains a minimum of zerowhen ,= 4. Therefore,setting = g4 p, Taylor
expansiongives

1X . .
D( pk o) > Jij ( p) ! '+ O( 3) (11)
ij
where

Jj=r1r ;1 ;D( pk p+ ) j=0 (12)

is the Fisher Information.®

Summary: The upshotof all of this is simple. For any given number of data points
N, thereis aregionaround , in which the distributions are not very distinguishable
from the oneindexedby | itself, in the sensethat we would not be able to reliably
guesswhich of thesedistributions the N data points really camefrom. As the number
of data points grows, this region of indistinguishability is described by the following
ellipsoid in the parameter space:

D( i @ 5 J(@ ' F+o( ) (13

N i

lWe have assumedthat the derivativeswith respectto  commute with expectations taken in
the distribution  , to identify the Fisher Information with the matrix of secondderivativesof the
relative ertropy.



Here is given in terms of the probability of error in guessingthe data generating
distribution asin (10). (SeeFig. 2.)

3.1 A uniform prior on distributions

We will now devisea measurethat givesequalweigh to the distributions indexedby
a model family asopposedto the parameters. The basicstrategy is to beginby giving
equalweight to ewery ellipsoid of the form (13) cortaining essetially indistinguishable
distributions given N data points. By taking the limit N ! 1 we will arrive at a
measureon the parameter manifold that e ectively gives equal weight to all those
distributions that can be told apart or distinguishedin a statistical experimert. (See
Fig. 3.)

R

Figure 3: The gure a parametermanifold divided into four regionsin ead of which
the Fisher Information matrix is constart leadingto a xed shape volume of indis-
tinguishability at any given value of N. To derive a measureof the parameterspace,
we partition the parameter manifold into volumes of indistinguishability as shown.
(Thesewill necessarilyoverlap a little.) Given only N data points we might as well
consideread of thesevolumesas cortaining only a single distribution sincethe dis-
tributions within them cannot be told apart reliably. In e ect, this corverts the
corntinuous parameter manifold into a lattice. We canthen derive a prior probability
density on the parametersby consideringead of the discretenumber of distributions
represeting the volumesof indistinguishability as being equally likely. AsN ! 1
the volumesof indistinguishability shrink, and in the cortinuum limit we recover the
Je reys prior asthe measureon the parameter manifold that givesequalweigh all
equally distinguishabledistributions.

N A

To this end, de ne the volume of indistinguishability at levels , , and N to be
the volume of the regionaround , where =N D( ,k ) sothat the probability



of error in distinguishing 4 from  is high. We nd to leadingorder:
2 = 1 1
N (d=2+1) " detd; ( )

If  is very closeto one,the distributions inside V. .y are not very distinguishable
and the Bayesianprior should not treat them as separatedistributions. We wish to
construct a measureon the parametermanifold that re ects this indistinguishability.
We also assumea principle of \translation invariance" by supposing that volumes
of indistinguishability at given valuesof N, and should have the samemeasure
regardlessof wherein the spaceof distributions they are certered. This amourts to
an assumptionthat all distinguishable probability distributions are a priori on an
equalfooting.

An integration measurere ecting theseprinciplesof indistinguishability andtrans-
lation invariancecan be de ned at eat level , , and N by covering the parameter
manifold economicallywith volumesof indistinguishability and placing a delta func-
tion in the certer of ead elemen of the cover. This de nition re ects indistinguisha-
bility by ignoring variations on a scalesmallerthan the covering volumesand re ects
translation invariance by giving eat covering volume equal weight in integrals over
the parameter manifold. The measurecan be normalized by an integral over the
ertire parameter manifold to give a prior distribution. The cortinuum limit of this

V. o= (14)

discretized measureis obtained by taking the limits 1, ' OandN ! 1.
In this limit the measurecourts distributions that are completely indistinguishable
(= 1) ewenin the presenceof an in nite amourt of data (N = 1 ).? (SeeFig. 3.)

To seethe e ect of the above procedure,imagine a parametermanifold which can
be partitioned into k regionsin ead of which the Fisher Information is constan. Let
Ji, Uy and V; be the Fisher Information, parametric volume and volume of indistint-
guishability in the ith region. Then the prior assignedo the ith volume by the above
procedurewill be

P_____
U=V U detJ;
p=ppa) U el (15)
j=1 (Uj _\'f) j=1 Uj detJj
Sinceall the , and N dependencesancelwe are now free to take the cortinuum

limit of P;. This suggestghat the prior density inducedby the prescription descriked
in the previousparagraphis:

q dﬂetT
dd  detd()
By paying careful attention to technical di culties involving sets of measurezero

and certain spherepadking problems, it can be rigorously shavn that the normal-
ized cortinuum measureon a parameter manifold that re ects indistinguishability

w() = r (16)

2The and errors can be treated more symmetrically using the Cherno bound instead of
Stein's lemma, but we will not do that here.



and translation invarianceis w() or Jereys' prior [16]. In essencethe heuristic
argumen above and the derivation in [16] shov how to \divide out" the volume of
indistinguishable distributions on a parameter manifold and hencegive equal weight
to equally distinguishable volumes of distributions. In this sense,Je reys' prior is
seento be a uniform prior on the distributions indexed by a parametric family. The
density w() is the answer to following question: What is the fraction of the total
numker of distributions indexeal by a model family that is contained with in nitesimal
neightourhood of a parametervalue ?

Summary: We are seekinga measureon the parameter space,or a prior prob-
ability density, which gives equal weight to equally distinguishable probability dis-
tributions. We did this by determining a statistical notion of distinguishability that
told usthat it wasdicult, givenonly N data points, to tell apart the distributions
indexed by the parameterslying within the ellipsoids (13). Our strategy was there-
fore to discretizethe parametermanifold into a grid of sud (minimally overlapping)
ellipsoids,and then to give equal prior probability to eat of the distinguishabledis-
tributions located at the grid points. As the number of data points N grow large
the grid points approad eat other sinceit becomeseasierto tell distributions apart
when more data is available. In the limit we recover the cortinuum measure(16) on
the parameterspacethat hase ectively "divided out" redundart descriptionsof the
samedistributions by parametersin nitesimally closeto a given one. (SeeFig. 3.)
Once we have committed to this prior distribution, we can work with any choice of
parameters. Although (16) might look di erent given di erent choices,we can be
surethat (16) always givesa xed region of parameter spacethe sameprobability.

The geometry of the space of probabilit y distributions: In the discussion
above we derived the well-known Je reys prior (16) as a probablity density giving
equal weight to all distinguishable distribugons indexed by a parameter manifold.
Howeer, the form of the measurew() = detJ() suggestsanother usefulinter-
pretation. In Riemanniangeometry the in nitesimal distance s betweentwo points
separatedby a small coordinate di erence x' is given by an equation

X o
= g(x) x x: (17)
ij
This is the generalizationto curved manifolds of the Pythagoreantheoremand g; is
calledthe metric and s for our purposessimply a matrix that variesover the surface.
The correspnding measurefor integrating over the curved surfaceis d®x P detg.
Comparingthis with (16) suggestsstrongly that in the context of statistical inference,
a parameter manifold is a curved surfaceendaved naturally with a metric given by
the Fisher information, i.e., g; = J; on parameter surface. From this perspective
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the Je reys prior in (16) hasthe following simple interpretation. First
z

V(A) = d qdetJ() (18)

measuresthe volume of the parameter manifold in the distinguished Fisher Infor-
mation metric J; . We then get a uniform prior distribution_on the parametersby
measuringthe volume of of small region of parametersasd® = detJ and dividing by
the total volume of the parameterssothat the distribution integratesto one.

We will not have occasionto exploit this tempting additional structure sinceall
our results will on depend on the measure detJ. Howewer, it is a very interesting
guestionto considerwhether the apparatus of classicaldi erential geometrysud as
measuresof curvature, gealesicsand other quartities play a role in statistical infer-
ence. The readermay wish to consult the works of Amari and otherson Information
Geometry (see,e.g.,[9, 10] in which Fisherinformation is taken seriouslyas a metric
describingthe curved geometryof parameterspacesseenas surfacesembeddedin the
spaceof all probability distributions.

4 Occam's Razor, MDL and Bayesian Metho ds

Putting ewerything togetherwe get the following expressiorfor the Bayesianposterior
probability of a parametric family in the absenceof any prior knowledgeabout the
relative likelihood of the distributions indexedby the family.

R -
dd np detJ Pr(Ej)

PAjE = N dd L m (19)
R P h . [
dd " detJ exp N —nPrED
= R—p— " (20)
“dd T detd

The secondform of the expressionis ugeful since the strong law of large numbers
saysthat ( 1=N)InPr(Ej) = ( 1=N) X, InPr(ej) corvergesin the almostsure
senseto a nite quartity:
" #
InPr(ej) _*

E; —N = dxt(x)In

bz

dxt(x) In (t(x)) = D(tk) + h(t)

(21)
whereh(t) is the entropy of the true distribution which generateghe data and D (tj )
is the relative ertropy (9) betweenthe true distrubution and the oneindexedby .
This meansthat as N grows large the integrand in (20) will be dominated by the
parameter value that comesclosestto the truth. Readersfamiliar with statistical
physicswill recognizethe structure of theseequations. The basicquartity of interest
in statistical physicsis the partition function

R
S - ddé (x)e E®X
T Tddx ()

t(x
Pr(xj )

(22)
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wherex labelsthe spaceof con gurations of a physical system, (x) is a measureon
the con guration space, 1=T is the inversetemperature of the systemand E (x)
is the energy of the con guration x [11]. The analogy with the Bayesian posterior
probability (20) is now clear{ for example,inferencewith a large number N of data
points is in analogyto statistical physicsat a low temperature T. There are classic
techniquesin statistical physicsto computeZ in variouslimits that might be usefulin
Bayesianstatistical inference.In this paper we will beinterestedin studying inference
where N is large. We can then borrow the well-known method of low-temperature
expansionsin statistical physics[11] and apply it to the problem of ewvaluating (20).

4.1 Asymptotic expansion and MDL

We will now approximately ewvaluate (20) when the number of data points is large.
The method we use applieswhen: (a) the maximum likelihood parameter ™ which
globally maximizesPr(Ej) liesin the interior of the parameter space,(b) locally
maxima of Pr(Ej) are boundedaway from the global maximum, and (c) both the
Fisher information J;; () and Pr(Ej) are suciently smooth functions of in a
neightbourhood of ~ In this case,for suciently large N, the integral in (20) is
dominated by a neigtbourhood of the maximum likelihood parameter © We can
then approximate the integrand in the neighbourhood of ™ as follows.
First collectthe measure detJ into the exponert as

R h _ i
o dd exp N PED 4 (1=2)TrinJ() 23)
AE T Tdd ' detd
Next we Taylor expand the exponert around the maximum likelihood parameter
which satisesr InPr(Ej) = 0. Sothe Taylor expansionof the rst term in
the exponent beginswith r . It is corvenient to de ne a kind of empirical Fisher
information asl = ( 1=N)r r InPr(Ej) j~ sothat | approadhesa nite

limit asN ! 1.
We can then ewaluate (23) as follows. First de ne a shifted integration variable
= ( 5. Then, we can write

: 1 R P
e [nPrE]Y 2Trina() ] & e ((N=2) [ +G()
Paje = R—4 (24)
ad det.Jij
A d———R P
e [InpPr(ej) ] det.J(/)\ dd e ((N=2) | +G())
= R g (25)
Hdd ) detJij

where G() collectsthe cubic and higher order terms and all the in the Taylor ex-
pansionof In Pr(Ej) and all termsin the Taylor expansionof TrinJ around ” As
the number of data points N getslarge the integrand is very sharply peaked around
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™ and the terms collectedin G() will only make subleadingcortributions to the

integral. Indeed, we can appraxime the integral as a multivariate Gaussianwith a
covariancematrix N | (). (Sometechnical conditions are required as discussedn;
see,e.q,[5].)

When N is large, the Gaussianis very narrow and therefore the integral can be
performed|[5, 14 to give

INPae e(A)= InPr(Ej") + In \\//((AA)) + O(1=N) (26)
We have de ned [12] v
vqay= 2 Tt e, 27)

N detl (")

V¢(A) is essetially the volume of a small ellipsoid around " within which the probabil-
ity of the data Pr(Ej) is appreciable.Speci cally, V.(A) only di ers by a numerical
factor from the volume of a regionwherePr(Ej ) Pr(Ej forany closeto 1.
As sudh, it measureghe volume of distinguishabledistributions in A that comeclose
to the truth, as measuredby predicting the data E with good probability.

The ratio V.(A)=V(A) penalizesmodelswhich occupy a small volume closeto the
truth relative to the total volume of the model. The secondterm expandsto
N Z 9 1 deti(")

d
=—In — +In d detd + = 1In
2 2 ¢ 27 detd(")

V(A

c=h @

(28)

In Bayesianmodel selection,C functions as a penalty for complexity.
Assenbling ewerything, when selecting between two model families, A and B,
probability theory instructs to compute

|
A d,_N Z 1 detl (")
= InPr(Ej' )+ =In—+In d detdJ( )+ =In
E (Ej" >IN 5 () 2" Geta ()

+ O(1=N) (29)

for eat family given the data E. The obsened data are more likely to have come
from the model family with a smaller . We will interpret this as a manifestation
of Occam'sRazor and the Minimum Description Length principle and will explain
how the various terms in (29) arise from the geometry of the parameter spaceof the
model family.

4.1.1 Interpretation: Occam's Razor

The rst term in (29) is maximum log likelihood of the data given a model and
therefore measureshow accurately the model is able to descrite the data. This
term is O(N) since,aswe discussed1=N) In(Pr(Ej") approadesa nite limit. This
happensbecauseprobabilities multiply and asthis causeghe probability of any given
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sampleto decreaseexponertially with the samplesize. In any case,for su cien tly
large N this O(N) term always dominatesand therefore with enoughdata the most
accuratemodel family is chosenby Bayesianmethods.

As we descriked the remaining three terms arise in our analysisessetially asa
measuremenof the fraction of the volume of a model's parameterspacethat liesclose
to truth. The rst and secondterms in C are independen of the true distribution
aswell asthe data, and thereforerepreseh an intrinsic property of the model family.
The term proportional to d=2 arisesbecauseas the number of data points increases
the radius of the region near the maximum likelihood parameterthat givesa good
description of the data shrinksin proportion to 1=N sothat the volumeofgwis region
shrinks as (1=N)%? asin (27). As discussedearlier the integral d? detJ()
measuresin a sensethe volume of distinguishable distributions that the model can
descrike. Thus the third term in (29) penalizesmodelsthat are very unconstrained.
Finally, the last term in (29) penalizesmodelsthat are not robust in the sensethat
they dependvery sensitively of the choiceof parameters. We canseethen by observing
that the covariance matrix | determineshow rapidly the integrand of P4je falls o
around the maximum likelihood parameter. Soif | is large we have a situation like in
Fig. 4awherethe model givesa good description of the data only for very restricted
parameters. Converselyif | is small, there is large basin of parametersthat describes
the data well. The ration detl =detJ appearsbecausehow narrow or wide the the
"good" region of a model family is should really be determinedwith respect to the
natural measureon the parameter manifold, which we have arguedto be the Fisher
information matrix.

The Minimum Description Length model selectioncriterion [13] choosesthe sta-
tistical model that minimizesthe sum of the rst three termsin (29). Note that if
the true distribution lies within the consideredmodel family, J(") approades! (")
asN growslarge, and consequetty, In(V (f )=V,(f )) becomesequalto the complexity
penalty in the MDL selectioncriterion. This shaws that asthe samplesize grows,
the log of the Bayesianposterior probability of a model family ( In Pr(f jy)), coin-
cideswith MDL when the truth lies in the model family. Therefore, selectingthe
most probable model is essetially equivalert to choosingthe model that givesthe
Minimum Description Length of the data, and the Bayesiancomplexity C coincides
with Rissanen'smodi ed stochastic complexity [13]. It would be very niceto give an
adequateinterpretation of the nal term in (29) in the cortext of the coding theory
that givesrise directly to the MDL criterion.

To summarizeagain we, have arrived at an intuitiv e geometricinterpretation of
the meaningof complexity in the MDL and Bayesianapproatesto model selection:
\complexity" measuresthe ratio of the volumeoccupial by distinguishabledistributions
in a model that come closeto the truth relative to the volumeof the madel as a whole
The apparent complexity of a modelsfunctional form in a particular parametrization
and ewen the number of parametersin a model are simply componerts of this gen-
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Figure 4: In box (a) model A comesvery closeto true distribution at onepoint, but is
mostly far away. Model B is closeto truth for many choicesof its parameters. When
the amourt of data is small MDL will tend to prefer B becausethis model is more
robust and enoughdata has not accurrulated to identify a speci c distributionin A

as comecloseto the truth. As the number of data points increaseshowewer, A will

ewertually be preferred. Box (b) illustrates a situation where a single model family

will have two local maxima in the log likelihood it assignsthe data { it comeclose
to the truth in two regionsof the parameterspace.When the number of data points
is small oneregion (the more robust one) will dominate the Bayesianposterior and
asthe number of data points increaseghe other region (the more accurate one) will

dominate.

eral understanding of how probability theory incorporates complexity in statistical
inference.

5 Some Challenges

This article is appearing in the proceedingsof a workshop which describked both

theoretical developmerts and practical applications of the MDL techniques(see,e.g.,
[12]). The principal obstacleto the generalapplication of the results presened here
is that we were obligedto assumea boundedparameterspacein order to make sense
of the Je reys prior and consequetty of the secondterm in in the complexity penalty

(28) which involved an integral over the parameter space. Actually the problem is

not really that the parameterspacecan be unbounded, but that the integral

Z P
d®  detJ (30)

can diverge. This can even happen with a bounded parameter spaceif the Fisher

Information J; becomesin nite su ciently quickly in someregion. In either case
the situation is that there are "too marny" candidate hypothesesincluded in the
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model family. One simple way to deal with this situation is to bound the domain
of parametersin sud a way that (30) is nite. In this casewe should consider
the added variables describing how the parameter spaceis bounded as parameters
of the model themselesand one might imagine doing a "meta-Bayesiananalysis" to
determinethem. Another promisingapproad isto declarethat we are only practically
interestedin those distributions which assigna probability greaterthan somesmall

to the obsened data. This will naturally give a bounded domain of parameters
describingthe data with a reasonableprobability. Then we can repeat the ertire
analysisof this paper for sucy boundeddomains. | hope to report on this approad
in a future publication.

Another interesting issuethat has beenavoided both here and elsewheren the
literature is what happens when there are multiple local likelihood maxima for a
given model family. This would arise in a situation sud as the one depicted in
Fig. 4b where the model family approadesthe two distribution in two locations.
In sudh a circumstances InPaje will be a sum of multiple cortributions like the
onein (26) ead arising from a saddlemint of the exponert in (23). This sort of
situation occurs often in statistical physics and will lead here to an analoguethe
fascinatingphenomenorof phasetransitions{ asthe number of data points increases,
one saddlemint or another will suddenly come dominate the log likelihood of the
model family leadingto potentially very di erent descriptionsof the data.
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